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ABSTRACT
ANALYSIS OF SLOTTED SECTORAL WAVEGUIDE
ANTENNA ARRAYS EMBEDDED IN
CYLINDRICALLY STRATIFIED MEDIA
Mert Kalfa
M.S. in Electrical and Electronics Engineering
Supervisor: Assoc. Prof. Dr. Vakur B. Ertu¨rk
August, 2013
Slotted waveguide antenna arrays with dielectric covers are widely used in both
military and civil applications due to their low-profile, high power handling ca-
pacity, and the ability to conform to the host platform. Conformity is especially
required for air platforms where aerodynamics and radar cross section (RCS) of
the vehicle are of utmost importance. For an air platform, one or more dielectric
layers (monolithic or sandwich radomes) can be used to protect the antenna from
the extreme flight conditions. Although accurate and efficient design and analy-
sis of low-profile conformal slotted waveguide arrays is of great interest, available
solution methods in the literature usually suffer in terms of efficiency and mem-
ory requirements. Among the available solution methods, integral equation (IE)
based ones that utilize the Method of Moments (MoM) are widely used. How-
ever, the IE solvers suffer from long matrix fill times, especially when cylindrically
stratified media are considered.
In this study, a slotted sectoral waveguide antenna, coaxially covered by mul-
tiple dielectric layers is analyzed with a hybrid MoM/Green’s function technique
in the space domain. Only the fundamental mode of propagation (TE11) is as-
sumed to be excited inside the sectoral waveguide. The longitudinal slots are on
the broadside wall of the sectoral waveguide and are very thin in the transverse
direction; therefore, only the TE modes are assumed to propagate. The solution
domain is divided into two by using the equivalence theorem and fictitious mag-
netic current sources on the waveguide slots. Note that for the purposes of this
study, the waveguide wall thickness is assumed to be zero. However, it can be
incorporated into the problem by adding a third region which would be a sectoral
cavity. The magnetic sources on the slots are expanded by piecewise sinusoid
basis functions, and the continuity of the tangential magnetic fields across the
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slots is enforced to construct the integral equation. The integral equation is then
converted into a matrix equation using Galerkin’s procedure. To compute the
elements of the mutual admittance matrix, two Green’s function representations
for the two solution regions are used. For the sectoral waveguide interior, the
dyadic Green’s function components for a sectoral waveguide corresponding to
longitudinal magnetic currents are rigorously derived. For the cylindrically strat-
ified dielectric region, closed-form Green’s function representations for magnetic
currents are developed, which are valid for all source and observation points, in-
cluding the source region, where two magnetic current modes fully or partially
overlap with each other. The proposed analysis method can be easily extended
to include: slotted substrate integrated waveguides, slotted cavity antennas, and
similar aperture type antennas embedded in cylindrically stratified media.
Numerical results in the form of equivalent slot currents and far-zone radiation
patterns for a generic slotted sectoral waveguide are presented, and compared to
the results obtained from the commercially available full-wave electromagnetic
solvers.
Keywords: Slotted sectoral waveguide arrays, method of moments, cylindrically
stratified media, closed-form Green’s function representations, discrete complex
image method.
O¨ZET
SI˙LI˙NDI˙RI˙K KATMANLI ORTAMLARDA SEKTO¨REL
YARIKLI DALGA KILAVUZU DI˙ZI˙ ANTENLERI˙N
ANALI˙ZI˙
Mert Kalfa
Elektrik ve Elektronik Mu¨hendislig˘i, Yu¨ksek Lisans
Tez Yo¨neticisi: Doc¸. Dr. Vakur B. Ertu¨rk
Ag˘ustos, 2013
Dielektrik kaplamalı yarıklı dalga kılavuzu anten dizileri, du¨s¸u¨k profilleri, yu¨ksek
gu¨c¸ dayanımları ve kullanılan platform u¨zerindeki eg˘ik yu¨zeylere uyumlan-
abilmeleri sebebiyle askeri ve ticari uygulamalarda tercih edilmektedir. Eg˘ik
yu¨zey uyumlulug˘u o¨zellikle aerodinamig˘in ve radar kesit alanının (RKA) kri-
tik oldug˘u hava platformlarında gerekli hale gelmektedir. Bir hava platformunda
anteni as¸ırı uc¸us¸ s¸artlarından korumak ic¸in bir veya daha fazla dielektrik katman
kullanılabilir. Eg˘ik yu¨zeylere uyumlu yarıklı dalga kılavuzu anten dizilerin isa-
betli analizi ve tasarımı oldukc¸a ilgi c¸eken bir konu olmasına rag˘men literatu¨rde
bulunan analiz yo¨ntemleri genellikle du¨s¸u¨k etkinlikleri ve yu¨ksek rastgele eris¸imli
hafıza (RAM) gereksinimleri nedeniyle tercih edilmemektedir. Mevcut analiz
yo¨ntemleri ic¸inde en yaygın kullanılanlar, Momentler Metodunu kullanan inte-
gral denklem c¸o¨zu¨mleyicilerdir. Ancak, integral denklem c¸o¨zu¨mleyiciler o¨zellikle
silindirik katmanlı ortamların bulundug˘u problemlerde c¸ok uzun matris olus¸turma
su¨releri nedeniyle yaygın olarak kullanılmamaktadır.
Bu c¸alıs¸mada es¸eksenel olarak dielektrik katmanlar ile kaplı bir yarıklı sekto¨rel
dalga kılavuzu anten, birles¸ik Momentler Metodu/Green’in fonksiyonu teknig˘i ile
uzamsal uzayda c¸o¨zu¨mlenmis¸tir. Sekto¨rel dalga kılavuzu ic¸inde sadece temel
modun (TE11) uyarıldıg˘ı varsayılmıs¸tır. Sekto¨rel dalga kılavuzunun genis¸ ke-
narına boylamasına ac¸ılan yarıklar dik yo¨nde oldukc¸a ince olduklarından sadece
enine elektrik (TE) modların yayıldıg˘ı varsayılabilir. Dalga kılavuzunun metal du-
varlarının kalınlıklarının olmadıg˘ı varsayılır. C¸o¨zu¨mleme yapılan geometri denklik
teoremi ve yarıklar u¨zerinde temsili manyetik akım kaynakları kullanılarak ikiye
bo¨lu¨nu¨r. Duvar kalınlıg˘ının hesaba katılması istendig˘inde geometri u¨c¸e bo¨lu¨nerek
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u¨c¸u¨ncu¨ bo¨lge olarak bir sekto¨rel oyuk tanımlanabilir. Yarıklar u¨zerindeki tem-
sili manyetik kaynaklar sonlu sayıda parc¸alı sinu¨zoit fonksiyon ile ifade edildik-
ten sonra manyetik alan integral denklemini olus¸turmak ic¸in yarıklar u¨zerinde
teg˘et manyetik alanların devamlılıg˘ı uygulanır. Olus¸turulan integral denklemi,
Galerkin’in yo¨ntemi kullanılarak matris denklemi haline getirilir. Kars¸ılıklı gec¸iri
matrisinin elemanlarının hesaplanması ic¸in problemin iki bo¨lgesi ic¸in iki farklı
Green’in fonksiyonuna ihtiyac¸ vardır. Sekto¨rel dalga kılavuzunun ic¸ bo¨lgesi
ic¸in, ikici Green’in fonksiyonunun boylamasına manyetik akımları boylamasına
manyetik alanlara ilis¸kilendiren biles¸eni detaylı s¸ekilde tu¨retilmis¸tir. Silindirik
katmanlı ortam ic¸in ise manyetik akım modlarının kesis¸tig˘i veya u¨st u¨ste oldug˘u
durumlarda dahi kullanılabilen kapalı-form Green’in fonksiyonları tu¨retilmis¸tir.
Bu c¸alıs¸mada sunulan c¸o¨zu¨mleme yo¨ntemi silindirik katmanlı ortamlarda go¨mu¨lu¨
malzemeye entegre dalga kılavuzları, oyuk antenler ve benzeri ac¸ıklık tipi anten-
lerin analizi ic¸in de kullanılabilir.
Bu c¸alıs¸mada sunulan c¸o¨zu¨mleme yo¨ntemi ile, o¨rnek silindirik katmanlı
yarıklı sekto¨rel dalga kılavuzu yapıları ic¸in es¸deg˘er yarık akımları ve uzak-alan
ıs¸ıma o¨ru¨ntu¨leri hesaplanmıs¸, ve elde edilen sonuc¸lar tam dalga elektromanyetik
c¸o¨zu¨mleyicilerin sonuc¸ları ile kıyaslanmıs¸tır.
Anahtar so¨zcu¨kler : Yarıklı sekto¨rel dalga kılavuzu dizileri, moment metodu,
silindirik katmanlı ortamlar, kapalı-form Green fonksiyon go¨sterimleri, ayrık
karmas¸ık imge metodu.
To my beautiful wife and family . . .
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Chapter 1
Introduction
Slotted waveguide antennas have been widely used in military and commercial
applications for many decades. Low cross-polarization, high power capacity, ease
of fabrication in microwave bands, and the ability to form arrays make them
excellent candidates for phased array antennas in radar applications. However,
due to slots being highly resonant (narrow-band, high Q) radiators, their design
parameters are very sensitive; hence, accurate design and analysis methods are
required for a successful antenna design. In the case of arrays of slot radiators,
the accuracy requirement increases even more because of even higher Q values
due to mutual coupling from a large number of neighboring slots. Fortunately
for planar geometries, the design and analysis procedures of slotted waveguide
antenna arrays (SWGAs) have been well established in the literature. In the
classical works reported in [1–3] simple equivalent circuit models for narrow slots
on waveguides are provided, which greatly simplify the design process. In [4–6],
more accurate design equations are extracted from Method of Moments (MoM)
analyses of the slots, which are still being actively used in a typical slotted waveg-
uide antenna design. For a single sheet of dielectric, used as a protective cover
over the slots (monolithic radome), a modified version of the method given in [5]
has been presented in [7], where a hybrid MoM/Green’s function technique is
used. These methods can be used to construct a good initial design with relative
ease.
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SWGAs are low-profile structures, which makes them suitable candidates
for conformal and structure-integrated applications. Conformal and structure-
integrated antenna solutions are especially required for air platforms, where aero-
dynamics, radar cross-section (RCS) and efficient use of real estate are of utmost
importance. Among the conformal geometries, cylindrical shapes play an impor-
tant role since most surfaces on an air platform, such as the fuselage of a fighter
jet or a missile, can be locally modeled as a cylinder. The cylindrical counterpart
of a rectangular waveguide is a sectoral waveguide [8]. Although a cylinder is
a basic canonical shape, the analysis and design of sectoral slotted waveguide
arrays (SSWGAs) are much more complicated than their planar counterparts,
and the methods presented for planar geometries become insufficient to perform
accurate analyses. An air platform also imposes more strict requirements for the
radome of the installed antenna. Especially for supersonic platforms, a single
layer of thin dielectric would not be sufficient to ensure structural integrity. In-
stead, many layers of transparent composite materials (sandwich radomes) may
need to be placed over the slots, which further complicates the design process.
As a consequence, cylindrical SWGAs are not as widely used as planar SWGAs,
although they offer great potential as conformal phased array antennas.
There has been a growing interest in the design and analysis of slot antennas
in sectoral waveguides over the last few decades. In [8], the cutoff wavenum-
bers for TE and TM modes of a sectoral waveguide were reported for the first
time. In [9], Lue et al. provided simple equations for the conductance of shunt
longitudinal slots over a sectoral waveguide, assuming a symmetric sinusoidal
current distribution over the slots. Then, they improved their equations by using
a hybrid MoM/Green’s function technique, which resulted in more accurate ex-
pressions [10]. In [11], scattering from a large array of slotted sectoral waveguides
was analyzed for the first time using MoM, which also accounted for the thickness
of the waveguide walls.
To the best of the author’s knowledge, there has not been any reported work
on SSWGAs with a single- or multi-layer radomes. To achieve fast and accu-
rate analysis of a multi-layer conformal radome, which can be represented as
a cylindrically stratified medium, discrete complex image method (DCIM) can
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be used. DCIM provides closed-form Green’s function (CFGF) representations
obtained by generalized pencil of function (GPOF) method [12]. Closed-form
expressions are already available for planar stratified media for all ranges and
materials [13]. However, their cylindrical counterparts are still under develop-
ment. In [14] and [15], CFGF representations for cylindrically stratified media
are reported for the first time, when the source and observation points are far
away from each other in the radial direction. In [16] and [17], the CFGF ex-
pressions due to electric sources are modified so that they are valid when the
source and observation points have the same radial distance from the axis of
the cylinder (ρ = ρ′), and on the same axial-line (φ = φ′). Similar expressions
for magnetic sources are presented in [18] and [19]. These expressions can be
used for computing the mutual coupling between two current modes, which can
be used in a MoM solution. However, with the aforementioned methods, self-
terms of a MoM impedance/admittance matrix could not be computed due to
the fact that observation point remains in the source region of a current mode.
In [20], rigorous hybrid MoM/Green’s function solutions for probe-fed microstrip
patch antennas/arrays are presented, which use novel CFGF representations due
to electric sources as the kernel of the governing electric-field integral equation
(EFIE). These CFGF expressions reported in [20] are valid even in the source
region. However, to the best of the author’s knowledge, the expressions in [20]
have not been extended to include magnetic sources, which would be required to
model slots on a waveguide, by invoking the equivalence principle.
In this thesis, an analysis technique for slotted sectoral waveguide anten-
nas with multi-layered radomes is developed for the first time, using hybrid
MoM/Green’s function technique in the space domain. The longitudinal slots (z-
direction in cylindrical coordinates) are on the broadside of the sectoral waveguide
and very thin in the transverse direction (φ-direction in cylindrical coordinates),
and only the fundamental mode (TE11) is assumed to propagate inside the waveg-
uide. Using the equivalence principle, the geometry is divided into two by covering
all slots with perfect electric conductors (PEC), while representing the scattered
fields due to the slots with fictitious magnetic currents over the slots. To ensure
the continuity of the electric fields over the slots, magnetic currents on both sides
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of the slots are enforced to have the same magnitude but opposite sign. Note that
for the purposes of this thesis, the waveguide wall thickness is assumed to be zero.
However, it can be incorporated into the problem by adding a third region which
would be a sectoral cavity, which has been reported in [11]. The continuity of the
tangential magnetic field, for each slot is enforced to construct the magnetic field
integral equation (MFIE). The resultant MFIE is then converted into a matrix
equation by expanding the magnetic sources on the slots with piecewise sinusoid
(PWS) basis functions with Galerkin’s testing procedure, where testing functions
are also PWSs. To compute the elements of the mutual admittance matrix, two
dyadic Green’s function representations for the two solution regions, i.e., the sec-
toral waveguide and the cylindrically stratified medium, are required. Note that
for the proposed solution procedure, only the Green’s function components that
relate the z-directed magnetic currents to z-directed magnetic fields are required
as kernels of the MFIE.
Using orthogonality principle, Fourier transforms, and the residue theorem,
the space domain Green’s function for the sectoral waveguide is rigorously derived
for the electric vector potential (~F ) first, due to its relatively simple relation with
the magnetic currents. The waveguide is assumed to be perfectly matched at
both ends (travelling wave type antenna), although any reflection coefficient (e.g.,
shorted end to get standing wave type antenna) can be incorporated easily. Then
the resulting Green’s function expression for ~F is converted into magnetic field ~H,
which is shown to be in agreement with the Green’s function expression reported
in [11]. The final expression is validated on a generic sectoral waveguide, using
a commercially available finite element method (FEM) solver, HFSSTM. The
associated mutual admittance matrix entries are treated analytically during the
mutual admittance calculations.
For the cylindrically stratified dielectric region, novel CFGF representations
for magnetic currents are developed for the first time, which are valid for al-
most all source and observation points, including the source region. As reported
in [20], the derivation starts with the representation of special cylindrical functions
(Bessel and Hankel) in the form of ratios in the spectral domain. The advantage
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of expressing them in the form of ratios is that the summation over the cylindri-
cal eigenmodes, n, can be performed without overflow/underflow problems, since
the ratios can be evaluated using Debye representations when n starts to become
large. Debye representations used in this thesis are provided in Appendix A.
The calculated spectral domain expressions are converted to the space domain
using the Fourier integral over the longitudinal wavenumber, kz. The integral
is computed analytically using DCIM in conjunction with the GPOF method.
The singularities in the space domain Green’s functions are treated analytically
during the mutual admittance calculations, similar to [20]. The resulting expres-
sions can be used to compute the whole mutual admittance matrix, including
the diagonal self-term elements, which is reported for the first time for magnetic
current sources on cylindrically stratified media.
Using the proposed analysis method, several cases of slotted sectoral waveg-
uide antenna arrays with dielectric radomes are analyzed, and numerical results
in the form of slot magnetic fields and radiation patterns are compared with the
HFSSTM simulations.
The rest of this thesis is organized as follows: In Chapters 2 and 3, the Green’s
function representations for the sectoral waveguides and the cylindrically strati-
fied media are provided, respectively. The two Green’s function representations
are evaluated for various geometries, and compared with simulation results at
the end of their respective chapters. In Chapter 4, formulation for the hybrid
MoM/Green’s function technique is explained in a detailed way, and modified
expressions for mutual admittance calculations to treat the singularities in the
Green’s functions are presented. Numerical results for various antenna geometries
are presented in Chapter 5 to assess the accuracy and efficiency of the proposed
analysis method. Concluding remarks are given in Chapter 6. In Appendix A,
Debye representations used in the computations of the spectral domain Green’s
function representations are given. In Appendix B, a summary of the GPOF
method given in [12] is presented. Far-zone radiation field calculations for the
E-plane of the proposed antenna using the MoM results are presented in Ap-
pendix C. Finally, in Appendix D calculation of the incident power for the TE
modes of a sectoral waveguide is explained in detail, which is used to scale the
5
results obtained from the hybrid MoM/Green’s function technique for a given
incident power.
Note that throughout this thesis, an ejωt time convention is used, where ω =
2pif and f is the operating frequency.
6
Chapter 2
Green’s Function Representations
for Sectoral Waveguides
The hybrid MoM/Green’s function technique employed in this thesis requires
the Green’s function representations for the two regions of the problem: the
sectoral waveguide (Region-I) and the cylindrically stratified medium (Region-II).
In this chapter, the Green’s function representation for a sectoral waveguide is
rigorously derived and the results are validated through full-wave electromagnetic
simulations.
2.1 Derivation of the Green’s Function Repre-
sentations Due to z-directed Magnetic Cur-
rents
The geometry of a sectoral waveguide is provided in Figure 2.1. As illustrated in
Figure 2.1, a sectoral waveguide is a rectangular waveguide that is curved along
its broad wall. Inner and outer radii of the waveguide are defined as a and b, while
the angular dimension of the waveguide is Φ0. Finally, the sectoral waveguide is
assumed to be filled with a material whose constitutive parameters are  and µ0
7
Figure 2.1: Sectoral waveguide geometry
(though all results are presented for  = 0, i.e., air-filled sectoral waveguide).
Note that primed coordinates are used to indicate the source coordinates.
In the hybrid MoM/Green’s function technique, the slots on the waveguide are
represented with magnetic currents using the equivalence principle. Since the slots
are electrically very narrow, equivalent magnetic currents on them are assumed
to have no variation along the transverse direction (φ-direction), and thus only
TE modes propagate. Hence, equivalent magnetic currents are assumed to have
a variation only along the z-direction, and they have only z components. As a
consequence, we only require the Green’s function representation that relates the
z-directed magnetic currents to z-directed magnetic fields, as explained before.
The Green’s function representation is derived for the electric vector potential
first, due to its relatively simple relationship with the magnetic currents. Then
the resultant Green’s function is converted to magnetic fields.
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2.1.1 The Electric Vector Potential, ~F
For a source-free region, ∇ · ~D = 0 from the Maxwell’s equations, which states
that ~D is always solenoidal. Therefore, we can represent ~D as the curl of another
vector field, ~F as
~D = −∇× ~F . (2.1)
Then, we can utilize (2.1) to relate ~F to ~E and ~H as
~E = −1

∇× ~F . (2.2)
Using the Maxwell’s equation for the curl of ~H, ∇× ~H = jω ~E, and the vector
identity ∇× (−∇φ) = 0,
∇×
(
~H + jω ~F
)
= 0 (2.3)
~H = −∇φm − jω ~F , (2.4)
where φm is defined to be the magnetic scalar potential. Taking the curl of (2.2),
we obtain
∇× ~E = −1

∇×∇× ~F = −1

(
∇
(
∇ · ~F
)
−∇2 ~F
)
(2.5)
and using the Maxwell’s equation for the curl of the electric field in the presence
of the fictitious magnetic current density given by
∇× ~E = − ~M − jωµ ~H (2.6)
an expression for ~F is obtained as
∇2 ~F + jωµ ~H = ∇
(
∇ · ~F
)
−  ~M. (2.7)
Substituting (2.4) into (2.7) and using k = ω
√
µ, we obtain
∇2 ~F + k2 ~F = − ~M +∇
(
∇ · ~F + jωµφm
)
. (2.8)
Since ~F is just an auxiliary field that we define, we can choose an arbitrary
divergence to fully define ~F . We can use the following gauge to simplify (2.8):
∇ · ~F = −jωµφm. (2.9)
9
Thus, making use of (2.9) reduces (2.8) into
∇2 ~F + k2 ~F = − ~M, (2.10)
which is the wave equation for the electric vector potential ~F . Finally, substitut-
ing (2.9) into (2.4), we obtain
~H = −jω ~F − j
ωµ
∇
(
∇ · ~F
)
. (2.11)
Equations (2.2) and (2.11) can be used to transform the electric vector potential
~F into the electric and magnetic fields, respectively.
2.1.2 The Green’s Function Representation for ~F
The electric vector potential due to an arbitrary magnetic source can be calculated
as
~F (ρ, φ, z) =
∫∫∫
S′
G FM(I) (ρ, φ, z, ρ′, φ′, z′) · ~M (ρ′, φ′, z′) ρ′ dρ′ dφ′ dz′, (2.12)
where G FM(I) is the dyadic Green’s function in space domain which relates ~M
to ~F in Region-I (the sectoral waveguide) and S ′ is the source region where
~M (ρ′, φ′, z′) is defined. Substituting (2.12) into the wave equation given in (2.10),
and multiplying both sides by δ(ρ− ρ′)δ(φ− φ′)δ(z − z′), where δ(·) is the Dirac
delta function, we obtain
∇2G FM(I) + k2G FM(I) = −I δ(ρ− ρ
′)δ(φ− φ′)δ(z − z′)
ρ
, (2.13)
where I is the unit dyad. Since we are only interested in z-directed magnetic
currents and fields, we can rewrite (2.13) in terms of the scalar z component as
∇2GFM(I)z + k2GFM(I)z = −
δ(ρ− ρ′)δ(φ− φ′)δ(z − z′)
ρ
. (2.14)
Using the separation of variables method, we can represent G
FM(I)
z as follows:
GFM(I)z = f(φ)g(ρ)h(z). (2.15)
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In a cylindrical geometry, f(φ) and g(ρ) take the following forms [21]:
f(φ) = A cos(υ φ) +B sin(υ φ) (2.16)
g(ρ) = C Jυ(kc ρ) +DYυ(kc ρ). (2.17)
Because of the PEC walls of the waveguide, we have the following boundary
conditions (BCs):
Eρ|φ=0,Φ0 = aˆρ · ~E
∣∣∣
φ=0,Φ0
= 0 (2.18)
Eφ|ρ=a, b = aˆφ · ~E
∣∣∣
ρ=a, b
= 0. (2.19)
In order to apply the BCs for ~E to (2.16) and (2.17), which are defined for Fz,
the BCs are modified making use of (2.2) as follows:
Eρ|φ=0,Φ0 = −
1
ρ
∂G
FM(I)
z
∂φ
∣∣∣∣∣
φ=0,Φ0
= 0, (2.20)
Eφ|ρ=a, b =
1

∂G
FM(I)
z
∂ρ
∣∣∣∣∣
ρ=a, b
= 0. (2.21)
Enforcing (2.20) on (2.16), we obtain
−Aυ sin(υ φ) +Bυ cos(υ φ)|φ=0,Φ0 = 0, (2.22)
which results in
B = 0 (2.23)
υp =
ppi
Φ0
, p = 0, 1, . . . (2.24)
Note that the additional subscript p on the cylindrical eigenmode υ indicates the
eigenmode index. Similarly, enforcing (2.21) on (2.17), we obtain
C kc J
′
υp(kc ρ) +Dkc Y
′
υp(kc ρ)
∣∣∣
ρ=a, b
= 0, (2.25)
which results in
C = −DY
′
υp(kc a)
J ′υp(kc a)
, (2.26)
then, (2.25) becomes
Y ′υp(kc b) J
′
υp(kc a)− Y ′υp(kc a) J ′υp(kc b) = 0. (2.27)
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Equation (2.27) contains infinitely many solutions for kc for each value of p.
Therefore, from now on kc is represented as kcpq (q = 1,2,. . . ), which corresponds
to the cut-off wavenumbers for TE modes of the sectoral waveguide. The cut-off
wavenumbers are computed using a non-linear search algorithm, as (2.27) does
not have any closed-form solution. Performing all the steps from (2.16)-(2.27)
and including all the modes (p,q), (2.15) can be rewritten as
GFM(I)z =
∞∑
p=0
∞∑
q=1
gz(ρ
′, φ′, z′, z) cos(υp φ)Bυp(kcpq ρ), (2.28)
where Bυp(kcpq ρ) is defined as
Bυp(kcpq ρ) = J
′
υp(kcpq a)Yυp(kcpq ρ)− Y ′υp(kcpq a) Jυp(kcpq ρ). (2.29)
At this point in the derivation, gz in (2.28) represents the unknown depen-
dencies of the Green’s function, along with all the unknown constants. They will
be found using the orthogonality principle and Fourier transforms. Substituting
(2.28) into (2.14) and moving the summations outside, we obtain
∞∑
p=0
∞∑
q=1
[
1
ρ
∂
∂ρ
ρ
∂
∂ρ
+
1
ρ2
∂2
∂φ2
+
∂2
∂z2
+ k2
]
gz(·) cos(υp φ)Bυp(kcpq ρ)
= − δ(ρ− ρ
′)δ(φ− φ′)δ(z − z′)
ρ
. (2.30)
Note that in (2.30) the Laplacian operator is written explicitly. Because the only
φ-dependent term in the left-hand side (LHS) of (2.30) is cos(υp φ), the ∂
2/∂φ2
term in the LHS can be replaced with −υ2p. To remove cos(υp φ) from the LHS of
(2.30), we use the orthogonality of trigonometric functions. Basically, we multiply
both sides of (2.30) by cos(υp′ φ) and integrate along the φ as follows:
Φ0∫
0
∞∑
p=0
∞∑
q=1
[
1
ρ
∂
∂ρ
ρ
∂
∂ρ
+
∂2
∂z2
+ k2 − υ
2
p
ρ2
]
gz(·)Bυp(kcpq ρ) cos(υp φ) cos(υp′ φ) dφ
= −
Φ0∫
0
 cos(υp′ φ)
δ(ρ− ρ′)δ(φ− φ′)δ(z − z′)
ρ
dφ,
(2.31)
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and the φ-dependent terms in the LHS of (2.31) can be simplified, using the
orthogonality principle, resulting in
∞∑
p=0
Φ0∫
0
cos(
ppi
Φ0
φ) cos(
p′pi
Φ0
φ) dφ
=
∞∑
p=0
Φ0∫
0
[
1
2
cos
(
(p+ p′)pi
Φ0
φ
)
+
1
2
cos
(
(p− p′)pi
Φ0
φ
)]
dφ
=

Φ0, p = p
′ = 0
Φ0/2, p = p
′ 6= 0
0, p 6= p′.
(2.32)
On the other hand, the φ-dependent term in the right-hand side (RHS) of (2.31)
can be simplified as
Φ0∫
0
δ(φ− φ′) cos(υp′ φ) dφ = cos(υp′φ′). (2.33)
Substituting (2.32) and (2.33) into (2.31) and interchanging p and p′, we obtain
∞∑
q=1
[
1
ρ
∂
∂ρ
ρ
∂
∂ρ
+
∂2
∂z2
+
(
k2 − υ
2
p
ρ2
)]
gz(·)Bυp(kcpq ρ)
= − 
Φ0
2
1 + δ0 p
cos(υp φ
′)
δ(ρ− ρ′)δ(z − z′)
ρ
. (2.34)
In (2.34), δ0 p is the Kronecker delta function, defined as
δ0 p =
1, p = 00, p 6= 0. (2.35)
As seen in (2.29), Bυp(kcpq ρ) is a linear combination of two Bessel functions.
Therefore, Bυp(kcpq ρ) satisfies the Bessel differential equation [22][
ρ2
∂2
∂ρ2
+ ρ
∂
∂ρ
+ (kcpqρ)
2 − υ2p
]
Bυp(kcpq ρ) = 0. (2.36)
Dividing both sides of (2.36) by ρ2, and reorganizing the resultant equation, we
obtain[
∂2
∂ρ2
+
1
ρ
∂
∂ρ
]
Bυp(kcpq ρ) =
1
ρ
∂
∂ρ
ρ
∂
∂ρ
Bυp(kcpq ρ) =
[
υ2p
ρ2
− k2cpq
]
Bυp(kcpq ρ).
(2.37)
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Then, making use of (2.37) to remove the partial derivatives with respect to ρ in
the LHS of (2.34), (2.34) becomes
∞∑
q=1
[
∂2
∂z2
+
(
k2 − k2cpq
)]
gz(·)Bυp(kcpq ρ)
= − 
Φ0
2
1 + δ0 p
cos(υp φ
′)
δ(ρ− ρ′)δ(z − z′)
ρ
. (2.38)
Then, we multiply both sides of (2.38) by ρBυp(kcpq′ ρ), and integrate along the
ρ to obtain
∞∑
q=1
[
∂2
∂z2
+
(
k2 − k2cpq
)]
gz(·)
b∫
a
ρBυp(kcpq ρ)Bυp(kcpq′ ρ) dρ
= − 
Φ0
2
1 + δ0 p
cos(υp φ
′)δ(z − z′)
b∫
a
δ(ρ− ρ′)Bυp(kcpq′ ρ) dρ. (2.39)
The integral in the LHS of (2.39) can be directly evaluated using the identity
given in [22].
b∫
a
ρBυp(kcpq ρ)Bυp(kcpq′ ρ) dρ
=

{
1
2
ρ2
[(
1− υ2p
k2cpq′ ρ
2
)
B2υp(kcpq′ ρ) +B
′ 2
υp(kcpq′ ρ)
]}∣∣∣∣b
a
, q = q′
0, otherwise.
(2.40)
Note that
B′ 2υp(kcpq′ ρ)
∣∣∣b
a
= 0 (2.41)
and hence, (2.40) with the second term being zero is defined as Npq given by
Npq =
{
1
2
ρ2
[(
1− υ
2
p
k2cpq′ρ
2
)
B2υp(kcpq′ ρ)
]}∣∣∣∣∣
b
a
. (2.42)
On the other hand, the integral in the RHS of (2.39) can be evaluated as
b∫
a
δ(ρ− ρ′)Bυp(kcpq′ ρ) dρ = Bυp(kcpq′ ρ′). (2.43)
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Then, substituting (2.40)-(2.43) into (2.39) and interchanging q and q′, we obtain[
∂2
∂z2
+
(
k2 − k2cpq
)]
gz(·) = − 
NpqΦ0
2
1 + δ0 p
cos(υp φ
′)Bυp(kcpq ρ
′)δ(z − z′).
(2.44)
Finally, to remove the z dependence from the LHS of (2.44), let us define the
following Fourier transform pair:
gz =
∞∫
−∞
g˜z(kI) e
jkIz dkI , (2.45)
g˜z(kI) =
1
2pi
∞∫
−∞
gz e
−jkIz dz. (2.46)
Defining k2zpq = k
2 − k2cpq , multiplying (2.44) by e−jkIz and integrating along the
z, we obtain(
−k2I + k2zpq
)
g˜z = − 
2piNpqΦ0
2
1 + δ0 p
cos(υp φ
′)Bυp(kcpq ρ
′)
∞∫
−∞
δ(z − z′) e−jkIz dz,
(2.47)
where the −k2I term in the LHS of (2.47) comes from the replacement of the
second derivative with respect to z in (2.44). When the integral in the RHS is
evaluated, g˜z can be expressed as follows:
g˜z(kI) =

2piNpqΦ0
2
1 + δ0 p
cos(υp φ
′)Bυp(kcpq ρ
′)
k2I − k2zpq
e−jkIz
′
. (2.48)
Conversion from the spectral domain to space domain is performed using (2.45)
as follows:
gz =

2piNpqΦ0
2
1 + δ0 p
cos(υp φ
′)Bυp(kcpq ρ
′)
∞∫
−∞
e jkIz e−jkIz
′
k2I − k2zpq
dkI . (2.49)
The integral in the RHS of (2.49) is the same one that comes up in the derivation
of Green’s functions for a rectangular waveguide [23]. It is solved using a deformed
path on the complex kI domain with the help of the residue theorem as given by
∞∫
−∞
e jkI(z−z
′)
k2I − k2zpq
dkI = − jpi
kzpq
e−jkzpq |z−z
′|. (2.50)
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Substituting (2.50) into (2.49), we obtain the space domain expression for gz as
gz = − j
kzpqNpqΦ0
1
1 + δ0 p
cos(υp φ
′)Bυp(kcpq ρ
′) e−jkzpq |z−z
′|. (2.51)
Finally, by substituting (2.51) into (2.28), we obtain the space domain Green’s
function for the electric vector potential as follows:
GFM(I)z = −
j
Φ0
∞∑
p=0
∞∑
q=1
[
1
kzpqNpq
1
1 + δ0 p
cos(υp φ) cos(υp φ
′)
Bυp(kcpq ρ)Bυp(kcpq ρ
′) e−jkzpq |z−z
′|
]
. (2.52)
2.1.3 The Green’s Function Representation for ~H
The space domain Green’s function in (2.52) relates the z-directed magnetic cur-
rents to the electric vector potential, as given in (2.12). To relate this Green’s
function to magnetic fields, we substitute (2.12) into (2.11) for an electric vector
potential that has only z component. Thus, the Green’s function to magnetic
fields due to the z component of ~M , ~G
HM(I)
z , can be obtained from (2.52) as
follows:
~GHM(I)z = −jω
(
aˆzG
FM(I)
z
)− j
ωµ
∇ (∇ · (aˆzGFM(I)z )) . (2.53)
For the purposes of this study, we are only interested in the z-component of the
magnetic field. Dropping the vector notation for simplicity, the z-component of
(2.53) can be expressed as
GHM(I)zz = −jωGFM(I)z −
jω
k2
∂2
∂z2
GFM(I)z , (2.54)
where G
HM(I)
zz is the Green’s function component that relates a z-directed mag-
netic source to the z component of the magnetic field. The only z-dependent
term in G
FM(I)
z is e−jkzpq |z−z
′|. Then,
∂
∂z
e−jkzpq |z−z
′| =
−jkzpqe−jkzpq (z−z
′), z ≥ z′
jkzpqe
jkzpq (z−z′), z < z′.
(2.55)
Note that there is a jump in (2.55) at z = z′, with a magnitude of (−2jkzpq).
Therefore, we can define the second derivative with respect to z as
∂2
∂z2
e−jkzpq |z−z
′| = −k2zpq e−jkzpq |z−z
′| + (−2jkzpq) δ(z − z′). (2.56)
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Substituting (2.56) into (2.54), we obtain the following expression that relates
G
FM(I)
z to G
HM(I)
zz :
GHM(I)zz = −
ω
k2
(
2kzpq
δ(z − z′)
e−jkzpq |z−z′|
+ jk2cpq
)
GFM(I)z . (2.57)
Then, by substituting (2.52) into (2.57), the explicit expression for G
HM(I)
zz is
obtained as
GHM(I)zz =
∞∑
p=0
∞∑
q=1
jωBpq cos(υp φ) cos(υp φ
′)
[
δ(z − z′)− k
2
cpq
2jkzpq
e−jkzpq |z−z
′|
]
,
(2.58)
where, Bpq is defined as
Bpq =
2
1 + δ0 p
Bυp(kcpq ρ)Bυp(kcpq ρ
′)
k2piNpqΦ0
. (2.59)
Equation (2.58) is the related space domain Green’s function component in a sec-
toral waveguide, which relates z-directed magnetic currents to z-directed mag-
netic fields. Note that (2.58) is of the same form with the Green’s function
reported in [11].
2.2 Validation of the Green’s Function Compo-
nent G
HM(I)
zz for Sectoral Waveguides with
HFSSTM Simulations
The accuracy of the Green’s function component given in (2.58) is validated
with the help of an FEM solver, HFSSTM as follows: An infinitesimal magnetic
Hertzian dipole is placed on the inner surface of a sectoral waveguide, and the
z-component of the magnetic fields is recorded on a line along the longitudinal
axis. The dimensions of the waveguide are chosen to be similar to a WR-90
rectangular waveguide. Both ends of the waveguide are matched to emulate
a travelling wave problem. The waveguide dimensions are: a = 20mm, b =
30.16mm, and Φ0 = 52.2241
◦. The source and observation points are located at
ρ′ = b, φ′ = 21.6◦, z′ = 0, ρ = b, φ = 0◦, and z is varied from -125mm to 125mm.
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The sectoral waveguide is simulated in the 8.2-12.4GHz frequency band, where
only the fundamental mode TE11 propagates. The top view of the simulated
problem is illustrated in Figure 2.2, and the model used in HFSSTM is illustrated
in Figure 2.3
The Green’s function component developed in this work [i.e., G
HM(I)
zz as given
in (2.58)] is compared to that of HFSSTM results and presented in Figures 2.4-
2.7. In Figures 2.4-2.5, the magnitude (in dB scale) and the phase versus z are
given for various frequencies, whereas in Figures 2.6-2.7, the magnitude (in dB
scale) and the phase versus frequency are given for various separations (i.e., z
values). Figures 2.4-2.7 show excellent agreement between (2.58) and HFSSTM
results, which validates the accuracy of the Green’s function component for the
simulated observation points.
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Figure 2.2: Top view of the simulated geometry used to assess the accuracy of
the proposed Green’s function component, G
HM(I)
zz , for the sectoral waveguide.
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Figure 2.3: HFSS model of the simulated geometry used to assess the accuracy
of the proposed Green’s function component, G
HM(I)
zz , for the sectoral waveguide.
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Figure 2.4: Magnitude (in dB scale) of the sectoral waveguide Green’s function
component versus z for various frequencies.
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Figure 2.5: Unwrapped phase (in degrees) of the sectoral waveguide Green’s
function component versus z for various frequencies.
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Chapter 3
Closed-Form Green’s Function
Representations due to Magnetic
Currents for Cylindrically
Stratified Media
In this chapter, space domain closed-form Green’s function (CFGF) representa-
tions due to magnetic currents for cylindrically stratified media are proposed,
and the accuracy of the proposed CFGF expressions are assessed by comparing
the results with the available commercial full-wave solvers. The geometry of a
typical cylindrically stratified medium is presented in Figure 3.1. The innermost
layer is assumed to be PEC (sectoral waveguide layer) and the outermost layer
is assumed to be vacuum (r = 1, µr = 1) in order to properly model the pro-
posed antenna geometry in the hybrid MoM/Green’s function formulation. As
seen in Figure 3.1, an arbitrary number of dielectric layers are placed over the
PEC cylinder, and the layers are characterized by their permittivity (i), perme-
ability (µi), and radii (ai). Observation point is designated as being inside the
ith layer, while the source point is designated as being in the jth layer. Note that
primed coordinates are used to indicate the source coordinates, in accordance
with the notation in Chapter 2. Throughout this chapter, G is used to represent
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Figure 3.1: Geometry of a typical cylindrically stratified medium
the space domain Green’s function representations, while G˜ is used to represent
their spectral domain counterparts.
3.1 Spectral Domain Green’s Function Repre-
sentations Due to z-directed Magnetic Cur-
rents
As reported in [16–20], derivation of the spectral domain Green’s function repre-
sentations starts by expressing special cylindrical functions (Bessel and Hankel) in
the form of ratios. That way, the summation over the cylindrical eigenmodes (n)
can be performed without overflow/underflow problems since the ratios can be
evaluated in closed-form using Debye representations when n starts to become
large. Debye representations used in this thesis are provided in Appendix A. For
the sake of brevity, the derivation of the spectral domain Green’s functions in the
form of ratios is not repeated here, and only the final expressions are presented.
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Interested readers can refer to [16–20] for the explicit expressions.
The spectral domain Green’s function representations that relate magnetic
currents to magnetic fields in Region-II for ρ = ρ′ can be expressed as follows [19]:
G˜
HM(II)
uv
kmz
= −(k
2
ρj
)q
4ω
∞∑
n=−∞
npH(2)n (kρjρ)Jn(kρjρ
′)fuv(n, kz)ejn(φ−φ
′), (3.1)
where kρj =
√
k2j − k2z , and kj is the wavenumber of the jth medium (kj =√
µrjrjk0). During the numerical evaluation of kρj , the correct branch of the
square-root must be chosen to avoid erroneous computation (=(kρj) ≤ 0).
In (3.1), for uv = zz : p = 0, q = 1, m = 0, for uv = φz = zφ : p =
1, q = 0, m = 1, and for uv = φφ : p = 2, q = 0, m = 0. Since we are interested
in uv = zz case, (3.1) can be simplified as
G˜HM(II)zz = −
k2ρj
2ω
∞∑
n=0
1
1 + δ0n
cos (n(φ− φ′))H(2)n (kρjρ)Jn(kρjρ′)fzz(n, kz), (3.2)
where the summation range is folded into 0→∞ because the function inside the
summation in (3.1) is even with respect to n. δ0n is the Kronecker delta function
defined in (2.35). In (3.2), fzz(n, kz) is defined as
fzz(n, kz) =
Fr(2, 2)
µj
. (3.3)
In (3.3), Fr(i, j) is the (i, j)th entry (i, j ∈ {1, 2}) of the 2×2 matrix Fr, expressed
as
Fr =
[
I +
H
(2)
n (kρjaj)
H
(2)
n (kρjρ)
Jn(kρjρ)
Jn(kρjaj)
R˜rj,j+1
]
M˜j+
×
[
I +
Jn(kρjaj−1)
Jn(kρjρ
′)
H
(2)
n (kρjρ
′)
H
(2)
n (kρjaj−1)
R˜rj,j−1
]
, (3.4)
where I is the 2× 2 identity matrix, and the expression M˜j+ is a function of the
2×2 generalized reflection and transmission matrices R˜ and T˜, respectively. The
detailed expressions for M˜j+, R˜, and T˜ are explicitly presented in [18].
As shown in Appendix A, fzz(n, kz) in (3.3) is constant with respect to n as
n → ∞, as a result of the form of ratios representation. Therefore, an envelope
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extraction with respect to n is performed to increase the accuracy and efficiency
of (3.2), as reported in [16–20]. Briefly, the limiting value of fzz(n, kz) for large
n is found as follows:
Czz(kz) ≈ lim
n→∞
fzz(n, kz). (3.5)
Then, the Czz(kz) term is subtracted from (3.2) and its contribution is added
with the aid of the series expansion of H
(2)
0
(
kρj |~ρ− ~ρ ′|
)
, given by
∞∑
n=−∞
H(2)n (kρj ρ)Jn(kρj ρ
′)e jn(φ−φ
′) = H
(2)
0
(
kρj |~ρ− ~ρ ′|
)
. (3.6)
As a result of this step (3.2) becomes
G˜HM(II)zz = −
k2ρj
2ω
{[ ∞∑
n=0
1
1 + δ0n
cos (n(φ− φ′))H(2)n (kρjρ)Jn(kρjρ′)
× [fzz(n, kz)− Czz(kz)]
]
+
1
2
Czz(kz)H
(2)
0
(
kρj |~ρ− ~ρ ′|
)}
. (3.7)
The limiting term Czz(kz) is evaluated numerically (n = 10000 is adequate for
most geometries).
The hybrid MoM/Green’s function technique used in this thesis is formulated
in space domain. Therefore, the spectral domain expression in (3.7) must be
converted into the space domain.
3.2 Space Domain Green’s Function Represen-
tations Due to z-directed Magnetic Cur-
rents
The spectral and space domain Green’s function representations are related to
each other through the following Fourier transform:
GHM(II)zz =
1
2pi
∞∫
−∞
G˜HM(II)zz e
−jkz(z−z′) dkz (3.8)
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where G
HM(II)
zz is the space domain Green’s function representation that relates
z-directed magnetic currents to z-directed magnetic fields.
When ρ = ρ′ and |φ− φ′| is very small, i.e., when the source and observation
points are in each others paraxial region, very large kz values must be sampled
in the spectral domain so that (3.8) can converge. However, the imaginary part
of (3.7) is a slowly decaying function of kz [18]. Therefore, a second envelope
extraction with respect to kz is performed as reported in [16–20]. Briefly, for
kz →∞ (denoted as kz∞) the value of Czz(kz), represented by Czz(kz∞), is found
numerically (kz∞ can be chosen around 1000k0 for most geometries). Then, the
product −k
2
ρj
4ω
Czz(kz∞)H
(2)
0
(
kρj |~ρ− ~ρ ′|
)
is subtracted from the spectral domain
expression (3.7) and its Fourier transform is added to the final space domain
Green’s function expression as a function of e
−jkj |~r−~r ′|
|~r−~r ′| using the relation
I1 =
e−jkj |~r−~r
′|
|~r − ~r ′| =
−j
2
∫ ∞
−∞
H20 (kρj |~ρ− ~ρ ′|)e−jkz(z−z
′)dkz. (3.9)
After this second envelope extraction, the modified spectral domain expression
becomes
G˜HM(II)zzm = −
k2ρj
2ω
{[ ∞∑
n=0
1
1 + δ0n
cos (n(φ− φ′))H(2)n (kρjρ)Jn(kρjρ′)
× [fzz(n, kz)− Czz(kz)]
]
+
1
2
[Czz(kz)− Czz(kz∞)] H(2)0
(
kρj |~ρ− ~ρ ′|
)}
,
(3.10)
while the space domain expression is modified as
GHM(II)zz =
1
2pi
∞∫
−∞
G˜HM(II)zzm e
−jkz(z−z′) dkz − j
4piω
Czz(kz∞)
(
k2j +
∂2
∂z2
)
I1. (3.11)
In (3.11),
(
k2j +
∂2
∂z2
)
term is the Fourier transform of k2ρj , which can be repre-
sented as k2j−k2z . Note that a partial derivative with respect to z corresponds to a
multiplication with −jkz in the spectral domain. The integral in (3.11) does not
have an analytical or closed-form solution, and hence it must be computed nu-
merically, which is time consuming and inefficient. Therefore, we use DCIM with
the aid of GPOF to obtain the closed-form representation of (3.11). The modified
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Figure 3.2: The deformed integration path used in GPOF to find the CFGF
representations.
spectral domain expression given in (3.10) is an even function of kz. Therefore,
similar to [16, 18, 19], the integration path of (3.11) is folded into 0→∞, and it
is deformed on the complex kz plane as shown in Figure 3.2 to avoid the effects
of pole and branch-point singularities. The three sections of the deformed path
(Γ1,Γ2,Γ3) are defined as follows:
Γ1 : kz = ks (1 + jT1)
t1
T1
, 0 ≤t1 ≤ T1
(3.12)
Γ2 : kz = ks
[
1 + jT1 +
(√
1 + T 22 − (1 + jT1)
)
t2
T2 − T1
]
, 0 ≤t2 < T2 − T1
(3.13)
Γ2 : kz = ks
[√
1 + T 22 +
(√
1 + T 23 −
√
1 + T 22
)
t3
T3 − T2
]
, 0 ≤t3 < T3 − T2.
(3.14)
In (3.12)-(3.14), ks is the wavenumber of the source layer. The modified spec-
tral domain Green’s function representation given in (3.10) is uniformly sampled
along the three sections of the deformed path, with N1, N2, and N3 samples,
respectively. Then, by utilizing the GPOF method explained in Appendix B, the
spectral domain expressions in the three sections are approximated in terms of
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M1, M2, and M3 complex exponentials given by
G˜HM(II)zzm (kz ∈ Γ1) ∼=
M1∑
m=1
bmte
smt t1 =
M1∑
m=1
bmke
smkkz (3.15)
G˜HM(II)zzm (kz ∈ Γ2) ∼=
M2∑
n=1
bnte
snt t2 =
M2∑
n=1
bnke
snkkz (3.16)
G˜HM(II)zzm (kz ∈ Γ3) ∼=
M3∑
l=1
blte
slt t3 =
M3∑
l=1
blke
slkkz . (3.17)
Note that the output of GPOF method provides complex exponentials in terms of
ti. To approximate (3.11) in closed-form, complex exponentials in terms of kz are
obtained by making use of (3.12)-(3.14) and recognizing the following relations:
bmk = bmt (3.18)
smk =
smt
ks
T1
1 + jT1
(3.19)
bnk = bnt exp
(
−snt
(T2 − T1)(1 + jT1)√
1 + T 22 − (1 + jT1)
)
(3.20)
snk =
snt
ks
T2 − T1√
1 + T 22 − (1 + jT1)
(3.21)
blk = blt exp
(
−slt
(T3 − T2)
√
1 + T 22√
1 + T 23 −
√
1 + T 22
)
(3.22)
slk =
slt
ks
T3 − T2√
1 + T 23 −
√
1 + T 22
. (3.23)
Finally the Fourier integral in (3.11) can be approximated in closed-form, making
use of (3.15)-(3.23) and using simple integral identities. The final approximate
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CFGF representation for G
HM(II)
zz is given by
GHM(II)zz
∼= − j
4piω
Czz(kz∞)
(
k2j −
∂2
∂z∂z′
)
I1
+
1
2pi
M1∑
m=1
bmk
(
eks(1+jT1)[smk+j(z−z
′)] − 1
smk + j(z − z′)
+
eks(1+jT1)[smk−j(z−z
′)] − 1
smk − j(z − z′)
)
+
1
2pi
M2∑
n=1
bnk
(
eks
√
1+T 22 [snk+j(z−z′)] − eks(1+jT1)[snk+j(z−z′)]
snk + j(z − z′)
+
eks
√
1+T 22 [snk−j(z−z′)] − eks(1+jT1)[snk−j(z−z′)]
snk − j(z − z′)
)
+
1
2pi
M3∑
l=1
blk
(
eks
√
1+T 23 [slk+j(z−z′)] − eks
√
1+T 22 [slk+j(z−z′)]
slk + j(z − z′)
+
eks
√
1+T 23 [slk−j(z−z′)] − eks
√
1+T 22 [slk−j(z−z′)]
slk − j(z − z′)
)
. (3.24)
This CFGF representation relates the z-directed magnetic currents to z-directed
magnetic fields.
3.3 Validation of the Green’s Function Repre-
sentation G
HM(II)
zz for Cylindrically Stratified
Media with HFSSTM Simulations
Similar to the validation process presented in Chapter 2, the accuracy of the
Green’s function representation given in (3.24) is tested with the help of the
HFSSTM FEM solver. The sample problem geometry is defined as follows:
• Layer-1
– a1 = 12mm
– Material: PEC
• Layer-2
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– a2 = 13.5mm
– Material: 2 = 3.250, µ2 = µ0
• Layer-3
– Material: Air (3 = 0, µ3 = µ0)
– Extends to infinity
• Source and observation points
– ρ′ = a1, φ′ = 0◦, z′ = 0
– ρ = a1 (ρ = ρ
′), φ = 90◦, z = −100mm→ 100mm
• Analysis frequencies: 2.5GHz → 5GHz with 500MHz steps
Through the course of obtaining CFGF representations for the geometry de-
tailed above, N1 = 50, N2 = 100, and N3 = 20 spectral domain samples are
evaluated on Γ1, Γ2, and Γ3, respectively (see Figure 3.2). Only the first 100
cylindrical eigenmodes are taken into account in the spectral domain summation.
The deformed path is defined by T1 = 0.1, T2 = 20, and T3 = 22. The spec-
tral domain samples on the deformed path are represented in terms of M1 = 5,
M2 = 5, and M3 = 1 complex exponentials using GPOF.
HFSSTM model for the sample geometry is generated by placing an infinitesi-
mal magnetic Hertzian dipole on the outer surface of the PEC cylinder (Layer-1),
which is covered by a thin dielectric coating. Then the z-component of the mag-
netic fields is recorded on a line along the longitudinal axis. Since the proposed
geometry is a radiating structure, the HFSSTM model is truncated with perfectly
matched layers (PMLs) at a distance of λ0/8 at 2.5GHz (λ0: free-space wave-
length). The model constructed in HFSSTM is illustrated in Figure 3.3, without
the PMLs.
The CFGF representation, G
HM(II)
zz , proposed in this work (3.24) is compared
to that of HFSSTM results and presented in Figures 3.4-3.7. In Figures 3.4 and 3.5,
the magnitude (in dB scale) and the phase versus z are given, respectively, for
various frequencies. In Figures 3.6 and 3.7, the magnitude (in dB scale) and
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the phase versus frequency are given, respectively, for various separations (i.e., z
values). Figures 3.4-3.7 show excellent agreement between (3.24) and HFSSTM
results, which validates the accuracy of the Green’s function representation for
the simulated observation points. However, the Green’s function representation
given in (3.24) is not valid when the observation point is in the source region or
along the axial line (φ = φ′). Therefore, by itself, it is not applicable to be used
in mutual admittance calculations when two current modes overlap or when two
current modes are in the same axial line. The singularities of (3.24) along the
axial line and in the source region are treated analytically in Chapter 4 during
the calculation of the mutual admittance matrix elements.
Figure 3.3: HFSS model of the simulated geometry used to assess the accuracy
of the proposed CFGF representation, G
HM(II)
zz .
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Figure 3.4: Magnitude (in dB scale) of the cylindrically stratified media Green’s
function component versus z for various frequencies.
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Figure 3.5: Unwrapped phase (in degrees) of the cylindrically stratified media
Green’s function component versus z for various frequencies.
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Chapter 4
Hybrid MoM/Green’s Function
Formulation and Analytical
Calculation of Mutual
Admittance Matrix Entries
The analysis technique proposed in this thesis is developed for a slotted sectoral
waveguide antenna (SSWGA) array covered with dielectric layer(s) that can be
considered as a conformal radome. The geometry of the SSWGA array is illus-
trated in Figure 4.1. As seen in Figure 4.1, the longitudinal shunt slots are cut
on the broadside of the sectoral waveguide. A two-dimensional array of slots is
then constructed with multiple waveguides placed in the same distance from the
axis of the cylinder. The slots are covered with multiple dielectric layers, which
act as a radome.
The hybrid MoM/Green’s function solution of the proposed antenna starts
with the utilization of the equivalence principle. The slot surfaces are replaced
with perfect electric conductor (PEC) surfaces, while the scattered fields from
the slots are represented with unknown longitudinal (z-directed) magnetic cur-
rents on the inner and outer surfaces of the slots. Note that the waveguide wall
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Figure 4.1: Geometry of the proposed SSWGA array covered with dielectric
layer(s) that can be considered as a conformal radome
thickness is assumed to be zero. This effectively divides the solution domain into
two parts: the sectoral waveguide interior (Region-I), and the multi-layer radome
(Region-II), as explained before. To model the radome as a cylindrically strati-
fied media, all the dielectric layers are assumed to be rotationally symmetric, i.e.,
they cover the whole cylinder over the slots. With this assumption, the two solu-
tion regions of the problem are illustrated in Figure 2.1 and Figure 3.1, and the
Green’s function representations for each region are developed and validated in
their respective chapters. Note that for the rest of the hybrid MoM/Green’s func-
tion formulation, superscripts with roman numbers indicate the solution region
of which the quantity belongs to.
The unknown z-directed magnetic currents on both sides of each slot can be
related to each other through boundary conditions. If the magnetic current for
the nth slot in Region-I is ~M
(I)
n , magnetic current in Region-II can be found by
enforcing the continuity of electric fields over the slots as
aˆn × ( ~E(I) − ~E(II)) = 0, (4.1)
resulting in
~M (II)n = − ~M (I)n . (4.2)
After relating the currents in both regions, the unknown currents are expanded
for each slot in the array antenna with overlapping PWS current modes. Because
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the slots are electrically very narrow, equivalent magnetic currents on them are
assumed to have no variation along the transverse direction. Hence, equivalent
magnetic currents are assumed to have a variation only along the longitudinal
(z-direction) axis, and they have only z components as explained before. Thus,
the vector notation is omitted for z-directed components for simplicity purposes,
and the magnetic current on slot n is expanded as follows:
M (I,II)n =
∑
j
αjKj(ρ
′ = b = a1, φ′, z′). (4.3)
Note that the ρ′ coordinate of all current modes are defined as b (or a1), as
we place the equivalent currents on the waveguide-dielectric interface (see Fig-
ures 2.1 and 3.1). In (4.3), αj corresponds to the unknown current mode ampli-
tudes, which will be solved to obtain the full-wave solution of the problem, and
Kj is the 2za × 2βa sized (β = ρφ) z-directed PWS magnetic current for the jth
mode given by
Kj(ρ
′ = b, φ′, z′) =
rect
(
b(φ′−φj)
βa
)
1
2βa
sin(ka(za−|z′−zj |))
sin(ka za)
, |z′ − zj| < za
0, otherwise,
(4.4)
where ρ′ = b = a1, φj, zj are the center coordinates of the jth current mode, ka
is the average wavenumber
(
ka = k0
√
1+r2
2
)
, and rect(·) is defined as
rect
(x
a
)
=
1, |x| < a0, otherwise. (4.5)
The MFIE is constructed by enforcing the continuity of magnetic fields across
the slots as
aˆn × ( ~H(I) − ~H(II)) = 0, (4.6)
leading to
H(I)τn +H
(I)
τinc,n
= H(II)τn . (4.7)
Equation (4.7) is the MFIE for the solution of the proposed problem, where H
(I)
τn
is the tangential magnetic field on the nth slot surface (Sn) due to the current
modes in Region-I, whereas H
(II)
τn is the tangential magnetic field on Sn due to
the current modes in Region-II. H
(I)
τinc,n is the incident tangential magnetic field on
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Sn due to the TE11 excitation of the waveguide. Using the corresponding Green’s
function representations for both regions, the tangential magnetic fields in (4.7)
due to the current modes in (4.3) can be calculated as follows:
H(I)τn =
Nm∑
j=1
∫∫
Sj
GHM(I)zz (ρ
′, φ′, z′; ρ, φ, z)αjKj (ρ′ = b, φ′, z′) dS ′ (4.8)
H(II)τn =
∑
m
Nm∑
j=1
∫∫
Sj
GHM(II)zz (ρ
′, φ′, z′; ρ, φ, z) [−αjKj (ρ′ = b, φ′, z′)] dS ′. (4.9)
In (4.8) and (4.9), G
HM(.)
zz is the Green’s function representation that relates z-
directed magnetic currents to z-directed magnetic fields in Region-I and Region-
II, respectively. Since all the slots are replaced with PEC surfaces, a current mode
on the inner surface of the waveguide can only be affected by the current modes
in the same waveguide. Therefore, in (4.8) the summation is performed only
over the current modes that are on the same waveguide, with Nm being the total
number of current modes in waveguide m. On the other hand, the summation
in (4.9) is performed over all the current modes on all the waveguides, since the
current modes on the outer surface of a waveguide can be affected by every other
current mode. Substituting (4.8) and (4.9) into (4.7), we obtain
Nm∑
j=1
∫∫
Sj
GHM(I)zz αjKjdS
′ +
∑
m
Nm∑
j=1
∫∫
Sj
GHM(II)zz αjKjdS
′ = −H(I)τinc,j . (4.10)
To solve the MFIE given in (4.10) with a computer, the expression must
be converted into a matrix equation. This conversion is performed with the
Galerkin’s testing procedure, where testing functions are chosen to be the same
as the basis functions. When (4.10) is tested with every testing function Ki, the
following matrix equation is obtained Y (I)ij + Y (II)ij


α1
...
αN
 =

I1
...
IN
 , (4.11)
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where the mutual admittance matrix and the excitation vector elements are cal-
culated as
Y
(I)
ij =

∫∫
Si
∫∫
Sj
G
HM(I)
zz KiKjdSdS
′, Ki, Kj ∈ same waveguide
0, otherwise
(4.12)
Y
(II)
ij =
∫∫
Si
∫∫
Sj
GHM(II)zz KiKj dSdS
′ (4.13)
I
(I)
i = −
∫∫
Si
H(I)τinc,iKi dS. (4.14)
After each element in the mutual admittance matrix and the excitation vec-
tor is calculated using (4.12)-(4.14), the matrix equation given in (4.11) can be
solved for the unknown coefficients, αj. However, as a result of using the hybrid
MoM/Green’s function technique, and as seen in equations (4.12) and (4.13),
Green’s function representations that relate z-directed magnetic currents to z-
directed magnetic fields are required. In Chapters 2 and 3, the required Green’s
function representations are presented and validated. However, they are not read-
ily available for the computation of all elements of the mutual admittance matrix
in (4.11). Regarding region-I, the mutual admittance expressions can be calcu-
lated analytically using G
HM(I)
zz . Regarding region-II, the singularities for the
appropriate Green’s function representation (i.e., for G
HM(II)
zz ) must be treated
analytically during the evaluation of the corresponding mutual admittance matrix
entries. Therefore, in the following sections, the details of these aforementioned
analytic calculations are presented.
4.1 Mutual Admittance Calculations using the
Green’s Function Component G
HM(I)
zz for
Sectoral Waveguides
In this section, the mutual admittances between the current modes that are in-
side the sectoral waveguide (4.12) are analytically calculated for various cases.
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Figure 4.2: The positions of the magnetic current modes for the non-overlapping
case
The positions of two generic current modes are illustrated in Figure 4.2. In the
computation of Y
(I)
ij , it is assumed that zi ≤ zj and since reciprocity holds, we can
simply interchange i and j when necessary in order not to violate this assumption.
We start by dividing the Green’s function component G
HM(I)
zz , given in (2.58),
into two parts: the part that does not contain δ(z − z′) as a factor, GHM(I)zz,A , and
the part that contains δ(z − z′), GHM(I)zz,B , as follows:
GHM(I)zz = G
HM(I)
zz,A +G
HM(I)
zz,B , (4.15)
where
G
HM(I)
zz,A = −
∞∑
p=0
∞∑
q=1
jωBpq cos(υp φ) cos(υp φ
′)
k2cpq
2jkzpq
e−jkzpq |z−z
′|, (4.16)
G
HM(I)
zz,B =
∞∑
p=0
∞∑
q=1
jωBpq cos(υp φ) cos(υp φ
′)δ(z − z′) (4.17)
Making use of (4.15)-(4.17), (4.12) can be divided in a similar fashion as
Y
(I)
ij =
Y
(I)
ij,A + Y
(I)
ij,B, Ki, Kj ∈ same waveguide
0, otherwise,
(4.18)
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where
Y
(I)
ij,A =
zi+za∫
zi−za
βi+βa∫
βi−βa
zj+za∫
zj−za
βj+βa∫
βj−βa
G
HM(I)
zz,A KiKj dβ
′dz′dβdz (4.19)
Y
(I)
ij,B =
zi+za∫
zi−za
βi+βa∫
βi−βa
zj+za∫
zj−za
βj+βa∫
βj−βa
G
HM(I)
zz,B KiKj dβ
′dz′dβdz (4.20)
where β coordinate is defined as
β = bφ = a1φ. (4.21)
Since Ki and Kj given in (4.4) are varying only along the z coordinate inside the
integration limits, we can separate (4.19) and (4.20) into β and z integrals. Then,
moving the summations in (4.16) and (4.17) outside of the integrals, we obtain
Y
(I)
ij,A = −
∞∑
p=0
∞∑
q=1
jωBpq
k2cpq
2jkzpq
βi+βa∫
βi−βa
βj+βa∫
βj−βa
cos(υp φ) cos(υp φ
′) dβ′dβ
×
zi+za∫
zi−za
zj+za∫
zj−za
e−jkzpq |z−z
′|KiKj dz′dz (4.22)
Y
(I)
ij,B =
∞∑
p=0
∞∑
q=1
jωBpq
βi+βa∫
βi−βa
βj+βa∫
βj−βa
cos(υp φ) cos(υp φ
′) dβ′dβ
×
zi+za∫
zi−za
zj+za∫
zj−za
δ(z − z′)KiKj dz′dz. (4.23)
The double integrals in (4.22) and (4.23) are separately defined as
Iβ =
βi+βa∫
βi−βa
βj+βa∫
βj−βa
cos(υp φ) cos(υp φ
′) dβ′dβ (4.24)
Iz,A =
zi+za∫
zi−za
zj+za∫
zj−za
e−jkzpq |z−z
′|KiKj dz′dz (4.25)
Iz,B =
zi+za∫
zi−za
zj+za∫
zj−za
δ(z − z′)KiKj dz′dz. (4.26)
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The Iβ term can be evaluated analytically using simple integral identities as
Iβ =
4b2
υ2p
cos
(υp
b
βi
)
cos
(υp
b
βj
)
sin2
(υp
b
βa
)
. (4.27)
For the evaluation of the integrals in (4.25) and (4.26), we need to divide the
problem into three cases: non-overlapping, partially overlapping, and fully over-
lapping modes along the z axis.
4.1.1 Non-overlapping Current Modes along the z Axis
The current modes shown in Figure 4.2 are non-overlapping current modes along
the z axis. The mathematical condition for two current modes to be considered
as non-overlapping is
zi ≤ zj − 2za. (4.28)
An immediate observation for the non-overlapping case is Iz,B = 0, since z 6= z′ at
every point on the integration path of (4.26), resulting in δ(z−z′) = 0. Therefore,
Y
(I)
ij,B = 0 (4.29)
Y
(I)
ij = Y
(I)
ij,A, (4.30)
and only Iz,A and Yij,A need to be calculated. Iz,A can be written explicitly as
Iz,A =
zi+za∫
zi−za
zj+za∫
zj−za
e−jkzpq |z−z
′| 1
2βa
sin (ka (za − |z − zi|))
sin (ka za)
× 1
2βa
sin (ka (za − |z′ − zj|))
sin (ka za)
dz′dz. (4.31)
Note that the rect(·) term inside the current modes in (4.4) is dropped since
its value is unity inside the integration limits. Making use of (4.28), (4.31) is
rearranged as
Iz,A = Iz,A1 Iz,A2 (4.32)
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Iz,A1 =
zi+za∫
zi−za
e jkzpq z
1
2βa
sin (ka (za − |z − zi|))
sin (ka za)
dz (4.33)
Iz,A2 =
zj+za∫
zj−za
e−jkzpq z
′ 1
2βa
sin (ka (za − |z′ − zj|))
sin (ka za)
dz′. (4.34)
Making the change of variables t = z − zi for (4.33) and u = z′ − zj for (4.34),
the integral expressions become
Iz,A1 =
e jkzpq zi
2βa sin (ka za)
za∫
−za
e jkzpq t sin (ka (za − |t|)) dt (4.35)
Iz,A2 =
e−jkzpq zj
2βa sin (ka za)
za∫
−za
e−jkzpqu sin (ka (za − |u|)) du, (4.36)
where the integrals in (4.35) and (4.36) are identical, and are found for each case
of the integration variable (t, u < 0 and t, u > 0). Therefore, the integral part of
(4.35) is expressed as
za∫
−za
e jkzpq t sin (ka (za − |t|)) dt =
0∫
−za
e jkzpq t sin (ka (za + t)) dt
+
za∫
0
e jkzpq t sin (ka (za − t)) dt. (4.37)
Each integral in (4.37) can be evaluated via applying integration by parts twice
as
I1a =
0∫
−za
e jkzpq t sin (ka (za + t)) dt =
ka cos(ka za)− jkzpq sin(ka za)− kae−jkzpq za
k2zpq − k2a
(4.38)
I2a =
za∫
0
e jkzpq t sin (ka (za − t)) dt =
ka cos(ka za) + jkzpq sin(ka za)− kaejkzpq za
k2zpq − k2a
,
(4.39)
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and substituting (4.38) and (4.39) into (4.35) a closed-form expression for Iz,A1
is found as
Iz,A1 =
e jkzpq zi
βa sin (ka za)
[
ka
k2zpq − k2a
(
cos(ka za)− cos(kzpq za)
)]
. (4.40)
Regarding the integral given in (4.36), by following the same steps, Iz,A2 can be
analytically found as
Iz,A2 =
e−jkzpq zj
βa sin (ka za)
[
ka
k2zpq − k2a
(
cos(ka za)− cos(kzpq za)
)]
. (4.41)
Making use of (4.32)-(4.41), a closed-form expression for Iz,A can be obtained as
Iz,A =
e jkzpq (zi−zj)
β2a sin
2 (ka za)
[
ka
k2zpq − k2a
(
cos(ka za)− cos(kzpq za)
)]2
. (4.42)
Finally, substituting (4.27) and (4.42) into (4.22) yields the closed-form mutual
admittance expression Y
(I)
ij given by
Y
(I)
ij = −
∞∑
p=0
∞∑
q=1
ωBpq
k2cpq
kzpq
[
2b2
υ2p
cos
(υp
b
βi
)
cos
(υp
b
βj
)
sin2
(υp
b
βa
)]
× e
jkzpq (zi−zj)
β2a sin
2 (ka za)
[
ka
k2zpq − k2a
(
cos(ka za)− cos(kzpq za)
)]2
.
(4.43)
4.1.2 Partially Overlapping Current Modes along the z
Axis
The positions of the current modes for the partially overlapping case are illus-
trated in Figure 4.3. As seen in Figure 4.3, we limit the partially overlapping
condition to the specific case
zi = zj − za, (4.44)
because the consecutive current modes on a slot are placed in za intervals to
ensure the continuity of the magnetic current along the slot, and in our proposed
antenna geometry no other type of partial overlapping can occur (i.e., individual
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Figure 4.3: The positions of the magnetic current modes for the partially over-
lapping case
slots do not overlap along the z axis). Also note that for many problems βi will
be equal to βj.
Making use of (4.44), the Iz,A term given in (4.31) can be reorganized for the
partially overlapping case, as follows:
Iz,A =
1
4β2a sin
2 (ka za)

zj−za∫
zi−za
zj+za∫
zj−za
e jkzpq (z−z
′) sin (ka (za − |z − zi|)) sin (ka (za − |z′ − zj|)) dz′dz
+
zi+za∫
zj−za
zj+za∫
zi+za
e jkzpq (z−z
′) sin (ka (za − |z − zi|)) sin (ka (za − |z′ − zj|)) dz′dz
+
zi+za∫
zj−za
zi+za∫
zj−za
e−jkzpq |z−z
′| sin (ka (za − |z − zi|)) sin (ka (za − |z′ − zj|)) dz′dz
 .
(4.45)
Notice that only the third integral contains the overlapping region. Making the
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change of variables t = z − zi and t′ = z′ − zj, (4.45) becomes
Iz,A =
1
4β2a sin
2 (ka za)

e jkzpq (zi−zj)
0∫
−za
e jkzpq t sin (ka(za + t)) dt
za∫
−za
e−jkzpq t
′
sin (ka(za − |t′|)) dt′
+ e jkzpq (zi−zj)
za∫
0
e jkzpq t sin (ka(za − t)) dt
za∫
0
e−jkzpq t
′
sin (ka(za − t′)) dt′
+ e−jkzpq za
0∫
−za
e−jkzpq t
′
sin (ka(za + t
′))
 t′+za∫
0
e jkzpq t sin (ka(za − t)) dt
 dt′
+ e jkzpq za
za∫
0
e−jkzpq t sin (ka(za − t))
 t−za∫
−za
e jkzpq t
′
sin (ka(za + t
′)) dt′
 dt
 ,
(4.46)
where each term inside the curly brackets in (4.46) is identified as follows:
I
(1)
z,A = e
jkzpq (zi−zj)
0∫
−za
e jkzpq t sin (ka(za + t)) dt
za∫
−za
e−jkzpq t
′
sin (ka(za − |t′|)) dt′
(4.47)
I
(2)
z,A = e
jkzpq (zi−zj)
za∫
0
e jkzpq t sin (ka(za − t)) dt
za∫
0
e−jkzpq t
′
sin (ka(za − t′)) dt′
(4.48)
I
(3)
z,A = e
−jkzpq za
0∫
−za
e−jkzpq t
′
sin (ka(za + t
′))
 t′+za∫
0
e jkzpq t sin (ka(za − t)) dt
 dt′
(4.49)
I
(4)
z,A = e
jkzpq za
za∫
0
e−jkzpq t sin (ka(za − t))
 t−za∫
−za
e jkzpq t
′
sin (ka(za + t
′)) dt′
 dt.
(4.50)
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Making use of (4.37)-(4.39), I
(1)
z,A and I
(2)
z,A are directly evaluated as
I
(1)
z,A = e
jkzpq (zi−zj) (I21a + I1b) (4.51)
I
(2)
z,A = e
jkzpq (zi−zj) (I1a + I1b) . (4.52)
The integral with respect to t in (4.49) can be evaluated similar to (4.39) as
t′+za∫
0
e jkzpq t sin (ka(za − t)) dt = 1
k2zpq − k2a
[
ka cos(ka za) + jkzpq sin(ka za)
−e jkzpq (t′+za) (ka cos(ka t′)− jkzpq sin(ka t′))] .
(4.53)
Then, using simple integral identities for trigonometric functions and recognizing
(4.39), I
(3)
z,A can be evaluated as
I
(3)
z,A =
1
k2zpq − k2a
[
e−jkzpq zaI1b
(
ka cos(ka za) + jkzpq sin(ka za)
)
−1
2
kaza sin(ka za) +
1
2
jkzpqza cos(ka za)−
jkzpq
2ka
sin(ka za)
]
.
(4.54)
The integral with respect to t′ in (4.50) can be evaluated similar to (4.38) as
t−za∫
−za
e jkzpq t
′
sin (ka(za + t
′)) dt′ =
e−jkzpq za
k2zpq − k2a
[
e jkzpq t
(
ka cos(ka t)− jkzpq sin(ka t)
)− ka] . (4.55)
Substituting (4.55) into (4.50) and recognizing (4.38), I
(4)
z,A can be evaluated as
I
(4)
z,A =
1
k2zpq − k2a
[
−kaI1a + 1
2
kaza sin(ka za)
+
1
2
jkzpqza cos(ka za)−
jkzpq
2ka
sin(ka za)
]
. (4.56)
Then, Iz,A for the partially overlapping case can be obtained in closed-form by
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substituting (4.51), (4.52), (4.54), and (4.56) into (4.46) as
Iz,A =
1
4β2a sin
2 (ka za)
{
e−jkzpq za
(
I21a + 2I1aI1b
)
+
1
k2zpq − k2a
[
− kaI1a + e−jkzpq zaI1b
(
ka cos(ka za) + jkzpq sin(ka za)
)
+jkzpqza cos(ka za)−
jkzpq
ka
sin(ka za)
]}
. (4.57)
On the other hand, it should be noticed that unlike the non-overlapping case,
the Iz,B term given in (4.26) does not yield zero for the overlapping case and
hence, it should be carefully calculated. Making change of variables t = z − zi
and t′ = z′ − zj, (4.26) becomes
Iz,B =
1
4β2a sin
2 (ka za)
za∫
−za
za∫
−za
δ(t− t′ − za) sin (ka(za − |t|)) sin (ka(za − |t′|)) dt′dt,
(4.58)
which can be decomposed into four parts based on the absolute values as follows:
Iz,B =
1
4β2a sin
2 (ka za)

0∫
−za
0∫
−za
δ(t− t′ − za) sin (ka(za + t)) sin (ka(za + t′)) dt′dt
+
0∫
−za
za∫
0
δ(t− t′ − za) sin (ka(za + t)) sin (ka(za − t′)) dt′dt
+
za∫
0
0∫
−za
δ(t− t′ − za) sin (ka(za − t)) sin (ka(za + t′)) dt′dt
+
za∫
0
za∫
0
δ(t− t′ − za) sin (ka(za − t)) sin (ka(za − t′)) dt′dt
 . (4.59)
However, the δ(t− t′− za) term is only nonzero inside the third integral of (4.59).
Therefore, making use of the integration property of the Dirac delta function,
Iz,B can be written as
Iz,B =
1
4β2a sin
2 (ka za)
za∫
0
sin (ka(za − t)) sin(kat) dt, (4.60)
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Figure 4.4: The positions of the magnetic current modes for the fully overlapping
case
which can be easily evaluated in closed-form to obtain
Iz,B =
1
8β2a sin
2 (ka za)
(
sin(kaza)
ka
− za cos(kaza)
)
. (4.61)
Consequently, using (4.27), (4.57), and (4.61), the mutual admittances for the
partially overlapping current modes along the z axis can be computed in closed-
form.
4.1.3 Fully Overlapping Current Modes along the z Axis
The positions of the current modes for the fully overlapping case are illustrated in
Figure 4.4. The mathematical condition for two current modes to be considered
as fully overlapping is
zi = zj. (4.62)
In addition to (4.62), the βi = βj case corresponds to the self-terms (i.e., diagonal
entries) of the mutual admittance matrix given in (4.11).
Similar to the partially overlapping case the Iz,A term given in (4.31) can be
written for the fully overlapping case, with change of variables t = z − zi and
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t′ = z − zj, as follows:
Iz,A =
1
4β2a sin
2 (ka za)
za∫
−za
za∫
−za
e−jkzpq |t−t
′| sin (ka (za − |t|)) sin (ka (za − |t′|)) dt′dt.
(4.63)
The integral in (4.63) is separated into four parts based on the sign of the ar-
gument of the absolute value functions in the integrand in each corresponding
region as follows:
Iz,A =
1
4β2a sin
2 (ka za)
(
I
(a)
z,A + I
(b)
z,A + I
(c)
z,A + I
(d)
z,A
)
, (4.64)
where
I
(a)
z,A =
0∫
−za
za∫
0
e jkzpq (t−t
′) sin (ka(za + t)) sin (ka(za − t′)) dt′dt (4.65)
I
(b)
z,A =
za∫
0
0∫
−za
e−jkzpq (t−t
′) sin (ka(za − t)) sin (ka(za + t′)) dt′dt (4.66)
I
(c)
z,A =
0∫
−za
0∫
−za
e−jkzpq |t−t
′| sin (ka(za + t)) sin (ka(za + t′)) dt′dt (4.67)
I
(d)
z,A =
za∫
0
za∫
0
e−jkzpq |t−t
′| sin (ka(za − t)) sin (ka(za − t′)) dt′dt. (4.68)
With a simple change of variables such as u = −t and u′ = −t′, it can be shown
that
I
(a)
z,A = I
(b)
z,A (4.69)
and
I
(c)
z,A = I
(d)
z,A. (4.70)
Thus, (4.64) becomes
Iz,A =
1
4β2a sin
2 (ka za)
(
2I
(a)
z,A + 2I
(c)
z,A
)
. (4.71)
The unknown integral I
(a)
z,A can be evaluated using the identity given in (4.38) as
follows:
I
(a)
z,A =
0∫
−za
e jkzpq t sin (ka(za + t)) dt
za∫
0
e−jkzpq t
′
sin (ka(za − t′)) dt′ = I21a. (4.72)
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Performing another change of variables u = t+ 0.5za and u
′ = t′+ 0.5za, I
(c)
z,A can
be reorganized as
I
(c)
z,A =
za/2∫
−za/2
za/2∫
−za/2
e−jkzpq |u−u
′| sin
(
ka
(za
2
+ u
))
sin
(
ka
(za
2
+ u′
))
du′du (4.73)
which can be separated into two parts based on the sign of the argument of the
absolute value function in the e−jkzpq |u−u
′| term in each case as follows:
I
(c)
z,A =
za/2∫
−za/2
u∫
−za/2
e−jkzpq (u−u
′) sin
(
ka
(za
2
+ u
))
sin
(
ka
(za
2
+ u′
))
du′du
+
za/2∫
−za/2
u′∫
−za/2
e jkzpq (u−u
′) sin
(
ka
(za
2
+ u
))
sin
(
ka
(za
2
+ u′
))
dudu′. (4.74)
By interchanging u and u′ in one of the integrals in (4.74), it can be seen that
both integrals are identical. Therefore, (4.74) is modified as follows:
I
(c)
z,A = 2
za/2∫
−za/2
u∫
−za/2
e−jkzpq (u−u
′) sin
(
ka
(za
2
+ u
))
sin
(
ka
(za
2
+ u′
))
du′du.
(4.75)
The integrals in (4.75) can be evaluated using (4.38), (4.39), and using simple
integral identities for trigonometric functions. Hence, the closed-form expression
for (4.75) is given by
I
(c)
z,A =
2
k2zpq − k2a
[
− kae−jkzpq zaI1b
+
1
4
(1− cos(2kaza)) +
jkzpq
4
(
sin(2kaza)
ka
− 2za
)]
. (4.76)
Substituting (4.72) and (4.76) into (4.71), we obtain a closed-form expression for
Iz,A as
Iz,A =
1
2β2a sin
2(kaza)
{
I21a +
2
k2zpq − k2a
×
[
−kae−jkzpq zaI1b + 1
4
(1− cos(2kaza)) +
jkzpq
4
(
sin(2kaza)
ka
− 2za
)]}
. (4.77)
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On the other hand, similar to the partially overlapping case, the Iz,B term given
in (4.26) does not yield zero for the fully overlapping case and hence, it must be
taken into account in the calculations. Making the change of variables t = z − zi
and t′ = z′ − zj, (4.26) becomes
Iz,B =
1
4β2a sin
2 (ka za)
za∫
−za
za∫
−za
δ(t− t′) sin (ka(za − |t|)) sin (ka(za − |t′|)) dt′dt.
(4.78)
After separating (4.78) into two integrals based on the sign of the argument of the
absolute value functions, and using the integration property of the Dirac delta
function, we obtain
Iz,B =
1
4β2a sin
2 (ka za)
 0∫
−za
sin2 (ka(za + t)) dt+
za∫
0
sin2 (ka(za − t)) dt
 , (4.79)
which can be directly evaluated as
Iz,B =
1
4β2a sin
2 (ka za)
[
za − sin(2kaza)
2ka
]
. (4.80)
Using (4.27), (4.77), and (4.80), the mutual admittances for the partially over-
lapping current modes along the z axis can be computed in closed-form.
4.2 Mutual Admittance Calculations using the
Green’s Function Representation G
HM(II)
zz for
Cylindrically Stratified Media
In this section, the mutual admittances between the current modes that are in
the cylindrically stratified medium (4.13) are calculated for various cases, and
the singularities encountered during the calculations are treated analytically. In
Chapter 3, the indices i and j are used to represent the index of the observa-
tion and source layers, respectively. To avoid confusion with the i and j indices
used to represent the current modes (e.g., Y
(II)
ij ), we use i = j = 2 in the ex-
pressions regarding the CFGF expressions, as both source and observation points
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lie on the second layer for the proposed antenna geometry (see Figure (3.1) and
Figure (4.1)).
In order to evaluate the integral in (4.13) more accurately and efficiently for
small current mode separations, k2ρj term in the spectral domain Green’s function
component (3.10) is rewritten as reported in [20]
G˜HM(II)zzm = k
2
ρ2
G˜HM(II)zzm1 , (4.81)
and G˜
HM(II)
zzm1 is explicitly defined as
G˜HM(II)zzm1 = −
1
2ω
{[ ∞∑
n=0
1
1 + δ0n
cos (n(φ− φ′))H(2)n (kρ2ρ)Jn(kρ2ρ′)
× [fzz(n, kz)− Czz(kz)]
]
+
1
2
[Czz(kz)− Czz(kz∞)] H(2)0 (kρ2 |~ρ− ~ρ ′|)
}
.
(4.82)
The corresponding space domain expression for G˜zzm1 is given by
GHM(II)zzm1 =
1
2pi
∞∫
−∞
G˜HM(II)zzm1 e
−jkz(z−z′) dkz − j
4piω
Czz(kz∞)I1, (4.83)
where I1 is defined in (3.9). In accordance with the Fourier transform pair given
in (3.8), multiplication by k2ρ2 term in the spectral domain corresponds to the
operator
(
k22 +
∂2
∂z2
)
or
(
k22 − ∂
2
∂z∂z′
)
, as explained in Chapter 3. Hence, G
HM(II)
zzm1
in (4.83) is related to G
HM(II)
zz in (3.11) as follows:
GHM(II)zz =
(
k22 −
∂2
∂z∂z′
)
GHM(II)zzm1 . (4.84)
Substituting (4.84) into (4.13), we obtain
Y
(II)
ij =
∫∫
Si
∫∫
Sj
(
k22 −
∂2
∂z∂z′
)
GHM(II)zzm1 KiKj dz
′dβ′dzdβ. (4.85)
Performing an integration by parts with respect to z and z′ coordinates, Y (II)ij
can be modified as
Y
(II)
ij =
∫∫
Si
∫∫
Sj
(
k22KiKjG
HM(II)
zzm1
− ∂Ki
∂z
∂Kj
∂z′
GHM(II)zzm1
)
dz′dβ′dzdβ. (4.86)
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Note that the current modes are selected as PWS given by (4.4) and hence, they
are differentiable and zero at the end points. The expression given in (4.86)
can be evaluated numerically for non-overlapping current modes along the φ axis
(φ − φ′ 6= 0). However, for cases where φ = φ′ or φ = φ′ and z = z′, (4.86)
becomes singular and each special case is treated analytically in the following
sections.
4.2.1 Non-overlapping Current Modes on the Same Axial
Line (φ = φ′, z 6= z′)
The positions of two current modes that are non-overlapping but on the same
axial line (βi = βj) are illustrated in Figure 4.5. In the mutual admittance
Figure 4.5: The positions of the magnetic current modes that are overlapping
along the φ axis
calculation G˜zzm1 , given by (4.82), becomes singular at φ = φ
′ (spectral domain
singularity [20]). The singularity occurs since the argument of the Hankel function
H
(2)
0 (kρj |~ρ− ~ρ ′|) in (4.82) becomes zero as given by
|~ρ− ~ρ ′| =
√
ρ2 + ρ′2 − 2ρρ′ cos(φ− φ′). (4.87)
The first step in the treatment of this singularity is expressing the Hankel function
by its small argument approximation [22]:
H
(2)
0 (kρj |~ρ− ~ρ ′|) ≈ 1− j
2
pi
log
(
γkρj
2
)
− j 2
pi
log (|~ρ− ~ρ ′|) (4.88)
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where γ = 1.781. As seen in (4.88), the last term in the RHS −j 2
pi
log(|~ρ − ~ρ ′|)
is singular when ρ = ρ′ and φ = φ′ and exhibits numerical problems for small
|φ − φ′| values when ρ = ρ′. Therefore, when |φ − φ′| is small, approximating
cos(φ−φ′) term as the first two terms in its series expansion (1− (φ−φ′)2
2
), |~ρ−~ρ ′|
can be simplified as
|~ρ− ~ρ ′| ≈ ρ|φ− φ′| = |β − β′|, (4.89)
where ρ = ρ′. Therefore, for the current modes on the same axial line we will
subtract the problematic term −j 2
pi
log(ρ|φ − φ′|) from H(2)0 (kρj |~ρ− ~ρ ′|) for all
(φ − φ′) values, and add its contribution analytically in the space domain. The
new modified expression for the spectral domain Green’s function component
G˜
HM(II)
zzm1 is defined as
G˜HM(II)zzm2 = −
1
2ω
{[ ∞∑
n=0
1
1 + δ0n
cos (n(φ− φ′))H(2)n (kρ2ρ)Jn(kρ2ρ′)
× [fzz(n, kz)− Czz(kz)]
]
+
1
2
[Czz(kz)− Czz(kz∞)]
(
H
(2)
0 (kρ2 |~ρ− ~ρ ′|) + j
2
pi
log(ρ|φ− φ′|)
)}
.
(4.90)
Making use of (4.83), the corresponding space domain Green’s function represen-
tation becomes
GHM(II)zzm1 =
1
2pi
∞∫
−∞
G˜HM(II)zzm2 e
−jkz(z−z′) dkz
+
1
8piω
(
j
2
pi
log(ρ|φ− φ′|)
) ∞∫
−∞
[Czz(kz)− Czz(kz∞)] e−jkz(z−z
′) dkz
− j
4piω
Czz(kz∞)I1. (4.91)
As a result, G
HM(II)
zzm1 can be represented as
GHM(II)zzm1 = G
HM(II)
zzm11
+GHM(II)zzm12 + log(ρ|φ− φ′|)GHM(II)zzm13 , (4.92)
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where
GHM(II)zzm11 =
1
2pi
∞∫
−∞
G˜HM(II)zzm2 e
−jkz(z−z′) dkz (4.93)
GHM(II)zzm12 = −
j
4piω
Czz(kz∞)I1 (4.94)
GHM(II)zzm13 =
j
4pi2ω
∞∫
−∞
[Czz(kz)− Czz(kz∞)] e−jkz(z−z
′) dkz (4.95)
Substituting (4.92) into (4.86), we obtain the mutual admittance expression as
Y
(II)
ij = Y
(II)
ij1
+ Y
(II)
ij2
+ Y
(II)
ij3
, (4.96)
where
Y
(II)
ij1
=
∫∫
Si
∫∫
Sj
(
k22KiKjG
HM(II)
zzm11
− ∂Ki
∂z
∂Kj
∂z′
GHM(II)zzm11
)
dz′dβ′dzdβ (4.97)
Y
(II)
ij2
=
∫∫
Si
∫∫
Sj
(
k22KiKjG
HM(II)
zzm12
− ∂Ki
∂z
∂Kj
∂z′
GHM(II)zzm12
)
dz′dβ′dzdβ (4.98)
Y
(II)
ij3
=
βi+βa∫
βi−βa
βi+βa∫
βi−βa
log(|β − β′|) dβ′dβ
×
zi+za∫
zi−za
zj+βa∫
zj−βa
(
k22KiKjG
HM(II)
zzm13
− ∂Ki
∂z
∂Kj
∂z′
GHM(II)zzm13
)
dz′dz. (4.99)
The expression G
HM(II)
zzm11 in (4.97) and G
HM(II)
zzm13 in (4.99) can easily be evaluated
in closed-form using GPOF, as explained in Chapter 3.2. Also note that G
HM(II)
zzm12
is already in closed-form in the space domain. Then, (4.97), (4.98), and the z,
z′ integrals in (4.99) can be evaluated numerically without any problem. The
integrand of the β,β′ integrals in (4.99) is singular at β = β′. Fortunately, this
singularity is an integrable singularity, and the problematic integral can be eval-
uated as ( [20])
βi+βa∫
βi−βa
βi+βa∫
βi−βa
log(|β − β′|) dβ′dβ = β2a
(
log βa − 3
2
)
. (4.100)
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Substituting (4.100) into (4.99) and then substituting (4.97)-(4.99) into (4.96),
mutual admittance for the non-overlapping current modes that are on the same
axial line can be computed without any problems.
4.2.2 Overlapping Current Modes
Overlapping current modes encountered during the mutual admittance calcula-
tions between the current modes are illustrated in Figure 4.6. For this case, in
addition to the spectral domain singularity observed in the previous section, a
so called space domain singularity [20] occurs in the I1 term defined in (3.9) at
|~r − ~r ′| = 0 (ρ = ρ′, φ = φ′, z = z′). Making use of (4.89), we can approximate
Figure 4.6: The positions of the magnetic current modes that are overlapping
along the φ and z axes
|~r − ~r ′| as
|~r − ~r ′| ≈
√
(β − β′)2 + (z − z′)2 = S. (4.101)
Then using (4.101), I1 can be approximated as
I1 =
e−jkj |~r−~r
′|
|~r − ~r ′| ≈
1
S
=
1√
(β − β′)2 + (z − z′)2 . (4.102)
Space domain singularity due to I1 occurs in the G
HM(II)
zzm12 term of (4.91). The
small value approximation, given in (4.102), is subtracted from I1 in (4.91) similar
to the spectral singularity case, and the substracted term is added as a new term.
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Thus, G
HM(II)
zzm12 is rewritten as
GHM(II)zzm12 = G
HM(II)
zzm12a
+GHM(II)zzm12b , (4.103)
where
GHM(II)zzm12a = −
j
4piω
Czz(kz∞)
(
I1 − 1
S
)
(4.104)
GHM(II)zzm12b = −
j
4piω
Czz(kz∞)
1
S
. (4.105)
As a result, (4.98) is modified as follows:
Y
(II)
ij2
= Y
(II)
ij2a
+ Y
(II)
ij2b
, (4.106)
where
Y
(II)
ij2a
=
∫∫
Si
∫∫
Sj
(
k22KiKjG
HM(II)
zzm12a
− ∂Ki
∂z
∂Kj
∂z′
GHM(II)zzm12a
)
dz′dβ′dzdβ (4.107)
Y
(II)
ij2b
= − j
4piω
Czz(kz∞)
βi+βa∫
βi−βa
zi+za∫
zi−za
βj+βa∫
βj−βa
zj+za∫
zj−za
1
S
(
k22KiKj −
∂Ki
∂z
∂Kj
∂z′
)
dz′dβ′dzdβ.
(4.108)
Y
(II)
ij2a
term can be evaluated numerically without any problems. However, during
the numerical evaluation of Y
(II)
ij2a
, it should be kept in mind that at |~r − ~r ′| = 0,
the space domain Green’s function representation G
HM(II)
zzm12a is equal to
GHM(II)zzm12a
∣∣
~r=~r ′ = −
j
4piω
Czz(kz∞)(−jk2), (4.109)
which is obtained from the series expansion of I1. On the other hand, Y
(II)
ij2b
given in (4.108) cannot be numerically evaluated because of its space domain
singularity. The treatment of this problem is similar to the one reported in [20].
Briefly, following the procedure reported in a detailed way in [20], the β and β′
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integrals of Y
(II)
ij2b
are evaluated analytically to obtain
Y
(II)
ij2b
= − jCzz(kz∞)
16piωβ2a sin
2(ka za)
2za∫
0
3za∫
za
(
t3 cos
[
ka(2za − |z′ − za| − |z − 2za|)
]
+ t4 cos
[
ka(|z′ − za| − |z − 2za|)
])
×
{
4βa
[
log
βa√2 +
√(
z′ − z√
2
)2
+ 2β2a
− log ∣∣∣z′ − z√
2
∣∣∣]
− 2
√
2
[√(z′ − z√
2
)2
+ 2β2a −
∣∣∣z′ − z√
2
∣∣∣]}dzdz′, (4.110)
where
t3 = −k
2
2
2
− k
2
a
2
sgn(z − 2za)sgn(z′ − za) (4.111)
t4 =
k22
2
− k
2
a
2
sgn(z − 2za)sgn(z′ − za), (4.112)
(4.113)
and
sgn(z) =

−1, z < 0
0, z = 0
1, z > 0.
(4.114)
Then, making the change of variables v = 1√
2
(z− z′) and u = 1√
2
(z+ z′), the two
dimensional integral in (4.110) can be reduced into a one dimensional integral
as explained in detail in [20]. Finally, performing a final change of variables
α = v
za
√
2
, dα = dv
za
√
2
and following the steps presented in [20], the final expression
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for Y
(II)
ij2b
is obtained as
Y
(II)
ij2b
= − jCzz(kz∞)
16piωβ2a sin
2(ka za)
Ip1 + 0.5∫
0
{
t5 sin(2kazaα) + t6(1− 2α) cos(2kazaα)
+ t7α cos
[
kaza(1− 2α)
]
+ t8 sin
[
kaza(1− 2α)
]}
Hr(α)dα
1∫
0.5
{
t5 sin
[
2kaza(1− α)
]
− t9(1− 2α) cos
[
kaza(3− 2α)
]
+ t7(1− α) cos
[
kaza(1− 2α)
]
− t10 sin
[
kaza(1− 2α)
]}
H(α)dα
1.5∫
1
{
t9(3− 2α) cos
[
kaza(3− 2α)
]
+ t10 sin
[
kaza(3− 2α)
]}
H(α)dα
]
,
(4.115)
where Ip1 is defined as
Ip1 = − βa√
2
{
κ1
[
δ1 log(δ1)− δ1
]
+ κ2
[δ21
2
log(δ1)− δ
2
1
4
]
+ κ3
[δ31
3
log(δ1)− δ
3
1
9
]}
− βa√
2
∫ 0.5
δ1
{
t5 sin(2kazaα) + t6(1− 2α) cos(2kazaα)
+ t7α cos
[
kaza(1− 2α)
]
+ t8 sin
[
kaza(1− 2α)
]}
log(α)dα, (4.116)
and δ1 is a small number which is chosen according to (2kazaδ1) << 1. H
r(α)
and H(α) in (4.115) are defined as follows:
Hr(α) =
βa√
2
[
log
(βa
2
+
√
z2aα
2 +
β2a
2
)
− log(za)
]
−
√
2
[√
z2aα
2 +
β2a
2
− zaα
]
,
(4.117)
H(α) =
βa√
2
[
log
(βa
2
+
√
z2aα
2 +
β2a
2
)
− log(zaα)
]
−
√
2
[√
z2aα
2 +
β2a
2
− zaα
]
.
(4.118)
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Finally, the other auxillary parameters used in (4.115)-(4.118) are defined as
κ1 = t6 + t8 sin(kaza) (4.119)
κ2 = 2t5kaza − 2t6 + t7 cos(kaza)− 2t8kaza cos(kaza) (4.120)
κ3 = 2t7kaza sin(kaza) (4.121)
t5 =
8
√
2za
ka
cos(kaza)t3+ (4.122)
t6 = 8
√
2z2a cos(kaza)t3− (4.123)
t7 = 16
√
2z2at4+ (4.124)
t8 =
8
√
2za
ka
t4− (4.125)
t9 = 4
√
2z2at3− (4.126)
t10 =
4
√
2za
ka
t4−. (4.127)
In (4.122)-(4.127), + and− subscripts for t3 and t4 terms correspond to the sign of
the value of the sgn(z− 2za)sgn(z′− za) function. Making use of (4.116)-(4.127),
the Y
(II)
ij2b
term given by (4.115) can be computed numerically in a very easy
way using a simple Gaussian quadrature integration scheme, which in turn can
be used to compute the mutual admittance between overlapping current modes
using (4.96) and (4.106).
4.2.3 Self-Admittance of the Current Modes
When the testing and basis functions are on top of each other in a MoM so-
lution that employs Galerkin’s procedure, the mutual admittance is called the
self-admittance as testing and basis functions are identical. During the calcu-
lation of the self-admittances, the same spectral and space domain singularities
occur as in the overlapping case. The only difference from the overlapping case
is the change of integral limits of the z and z′ integrals. Except the Y (II)ij2b ex-
pression, each term in (4.96) and (4.106) can be evaluated numerically without
a problem. Similar to the partially overlapping current modes case, following
the same procedure outlined in [20], Y
(II)
ij2b
is rewritten for the self-admittances as
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follows:
Y
(II)
ij2b
= − jCzz(kz∞)
16piωβ2a sin
2(ka za)
2za∫
0
2za∫
0
(
c1 cos
[
ka(2za − |z′ − za| − |z − 2za|)
]
+ c2 cos
[
ka(|z′ − za| − |z − 2za|)
])
×
{
4βa
[
log
βa√2 +
√(
z′ − z√
2
)2
+ 2β2a
− log ∣∣∣z′ − z√
2
∣∣∣]
− 2
√
2
[√(z′ − z√
2
)2
+ 2β2a −
∣∣∣z′ − z√
2
∣∣∣]}dzdz′, (4.128)
where
c1 = −k
2
2
2
− k
2
a
2
sgn(z − za)sgn(z′ − za) (4.129)
c2 =
k22
2
− k
2
a
2
sgn(z − za)sgn(z′ − za). (4.130)
(4.131)
Then, performing the same change of variables (i.e., v = 1√
2
(z − z′) and u =
1√
2
(z + z′)), the two dimensional integral in (4.128) can be reduced into a one
dimensional integral. Then, performing a final change of variables α = v
za
√
2
(and
hence, dα = dv
za
√
2
), the final expression for Y
(II)
ij2b
is given by
Y
(II)
ij2b
= − jCzz(kz∞)
16piωβ2a sin
2(ka za)
[
Ip2 +
∫ 0.5
0
{
c3 sin
[
kaza(1− 2α)
]
+ c4α cos
[
ka2za(1− α)
]
+ c5(1− 2α) cos(2kazaα) + c6 sin(2kazaα)
}
Hr(α)dα
∫ 1
0.5
{
c4(1− α) cos
[
2kaza(1− α)
]
+ c6 sin
[
2kaza(1− α)
]}
H(α)dα
]
, (4.132)
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where Hr(α), H(α) are given explicitly in (4.117) and (4.118). Ip2 in (4.132) is
defined as
Ip2 = −βa
√
2
{
d1
[
δ2 log(δ2)− δ2
]
+ d2
[δ22
2
log(δ2)− δ
2
2
4
]
+ d3
[δ32
3
log(δ2)− δ
3
2
9
]}
− βa
√
2
∫ 0.5
δ2
{
c3 sin
[
kaza(1− 2α)
]
+ c4α cos
[
ka2za(1− α)
]
+ c5(1− 2α) cos(2kazaα) + c6 sin(2kazaα)
}
log(α)dα, (4.133)
and δ2 is a small number which is chosen according to (2kazaδ2) << 1. The other
auxillary parameters used in (4.132)-(4.133) are defined as
d1 = c3 sin(kaza) + c5 (4.134)
d2 = −2c3kaza cos(kaza) + c4 cos(2kaza)− 2c5 + 2c6kaza (4.135)
d3 = 2c4kaza sin(2kaza) (4.136)
c3 =
za16
√
2
ka
cos(kaza)c1+ (4.137)
c4 = z
2
a16
√
2c1− (4.138)
c5 = z
2
a16
√
2c2+ (4.139)
c6 =
za8
√
2
ka
c2−. (4.140)
Similar to the overlapping case, + and − subscripts in (4.137)-(4.140) for c1 and
c2 terms correspond to the sign of the value of the sgn(z−za)sgn(z′−za) function.
Making use of (4.133)-(4.140), the Y
(II)
ij2b
term given by (4.132) can be computed
numerically in a very easy way using a simple Gaussian quadrature integration
scheme, which in turn can be used to compute the self-admittance of a current
mode using (4.96) and (4.106).
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4.3 Calculation of the Excitation Vector for
TE11 Mode Inside the Waveguide
Considering the practical applications, we assume that only the fundamental
mode, TE11, is excited inside the sectoral waveguide. To calculate the elements of
the excitation vector given by (4.14), we require the z-component of the magnetic
fields due to the TE11 excitation. For a TE mode propagating in the +z direction,
Hz is defined as follows [10]:
Hz =
k2cpqB(ρ)
jωµ
cos (υp φ) e
−jkzpq z, (4.141)
where B(ρ) is defined as
B(ρ) =
1
J ′υp(kcpq a)
(
J ′υp(kcpq a)Yυp(kcpq ρ)− Y ′υp(kcpq a)Jυp(kcpq ρ)
)
. (4.142)
Substituting (4.141) into (4.14), we obtain
I
(I)
i = −
βi+βa∫
βi−βa
zi+za∫
zi−za
k2cpqB(ρ)
jωµ
cos (υp φ) e
−jkzpq z 1
2βa
sin (ka (za − |z − zi|))
sin (ka za)
dzdβ.
(4.143)
Then, the double integral in (4.143) is reorganized and separated into β and z
integrals; and a change of variables t = z − zi is applied to obtain
I
(I)
i = −
k2cpqB(ρ)e
−jkzpq zi
jωµ2βa sin (ka za)
βi+βa∫
βi−βa
cos
(υp
b
β
)
dβ
za∫
−za
e−jkzpq t sin (ka (za − |t|)) dt,
(4.144)
where the integral with respect to z is in the same form of (4.37). Therefore, I
(I)
i
can be obtained in closed-form for TE11 excitation (p = q = 1) as
I
(I)
i = −
bk2c11B(ρ)e
−jkz11zi
jωµυ1βa sin (ka za)
cos
(υ1
b
βi
)
sin
(υ1
b
βa
)
(I1a + I1b) , (4.145)
where I1a and I1b is defined in (4.38) and (4.39), respectively.
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Chapter 5
Numerical Results
The hybrid MoM/Green’s function technique developed in this thesis can be
used to improve the accuracy and efficiency for the analyses of many problems
regarding the slotted sectoral waveguide antennas, compared to the available
analysis methods in the literature. To illustrate the capabilities of the proposed
method, the hybrid MoM/Green’s function technique is applied to various slotted
sectoral waveguide antenna problems. In order to assess the accuracy of the
analyses numerical results in the form of slot equivalent magnetic currents, which
are the direct output of the MoM solution, are compared to that of HFSSTM
results. As a post processing step, the normalized far-zone radiation patterns are
presented and compared with that of HFSSTM results for one of the problems.
Three examples are chosen to demonstrate the validity of the method in a wide
range of applications, results for which are presented in the following sections.
5.1 A Single Slot on a Sectoral Waveguide Em-
bedded in a PEC Cylinder
The most simple problem that can be analyzed with the proposed method is a
single slotted sectoral waveguide with no dielectric coating. The geometry of the
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problem is shown in Figure 5.1 (HFSSTM model) and the details of the geometry
are listed below:
• Analysis frequency: 10GHz
• The Sectoral Waveguide:
– a = 20mm,
– b = 30.16mm,
– Φ0 = 52.2241
◦,
– Both ends of the waveguide is matched (travelling-wave type).
• The Cylindricaly Stratified Medium:
– Layer-1
∗ a1 = b = 30.16mm
∗ Material: PEC
– Layer-2
∗ Material: Air (2 = 0, µ2 = µ0)
∗ Extends to infinity
• The Slot Geometry and Positions:
– Slot-1: lz = 8mm, lβ = 0.3mm, z1 = 100mm, and ϕ1 = 13
◦,
where lz and lβ correspond to the physical dimensions of the slot in the z and β co-
ordinates, respectively. Also, zi and ϕi are the longitudinal and angular positions
of the center point of the ith slot, respectively. Note that the angular position
of the slot is given with respect to the centerline of the sectoral waveguide (Φ0
2
),
whereas the longitudinal position is given with respect to the plane of waveguide
excitation. The sectoral waveguide is chosen as a WR-90 waveguide which is
bent along a radius of curvature of 20mm (a), so the TE11 is propagating in the
frequency of interest (which can also be shown by computing kcpq from (2.27)).
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Figure 5.1: HFSS model of the single slot sectoral waveguide embedded in a PEC
cylinder
In the HFSSTM model, constructed for the analysis of this example, the wave-
ports are placed at both ends of the waveguide, and only one of them is excited
to simulate a travelling type antenna. Since the proposed geometry is a radiating
structure, the computation domain of the HFSSTM simulations is truncated with
PMLs at a distance of λ0/8 at 10GHz, where λ0 is the free-space wavelength. The
PMLs are not shown in Figure 5.1 for simplicity purposes.
Through the course of obtaining the hybrid MoM/Green’s function solutions
for the geometry given in Figure 5.1, the PWS current modes with the dimensions
of 2βa = 0.3mm and 2za ≈ 1.14mm are used to expand the unknown magnetic
current on the slot. Hence, a total of 13 current modes along the slot are used.
In obtaining the CFGF representation G
HM(II)
zz for region-II (i.e., a PEC cylinder
in this example), N1 = 150, N2 = 150, and N3 = 50 spectral domain samples
are evaluated on Γ1, Γ2, and Γ3, respectively (see Figure 3.2), and only the
first 100 cylindrical eigenmodes are taken into account in the spectral domain
summation. The deformed path is defined by T1 = 0.1, T2 = 20, and T3 = 22
and the spectral domain samples on the deformed path are represented in terms
of M1 = 5, M2 = 5, and M3 = 1 complex exponentials using GPOF. During the
modal summation of Y
(I)
ij,A and Y
(I)
ij,B for the sectoral waveguide interior (given in
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Figure 5.2: The amplitude of the equivalent magnetic current (in V/m) computed
for a single slotted sectoral waveguide embedded in a PEC cylinder, under 1W
of incident power
(4.22) and (4.23), respectively), the first 200 modes for both p and q are taken
into account.
The magnitude (in V/m) and the phase (in degrees) of the equivalent magnetic
current computed with the hybrid MoM/Green’s function technique (labelled as
“this work” in the numerical results) are compared to that of the HFSSTM results,
in Figures 5.2 and 5.3, using the relation ~M = −aˆz× ~E. Figures 5.2 and 5.3 show
good agreement between the proposed method and HFSSTM results. Note that
the field amplitudes of the hybrid MoM/Green’s function technique are scaled for
a 1W excitation of the TE11 mode, as the HFSS
TM excitation for this problem is
defined as having an incident power of 1W. The calculation of the incident power
for the TE modes are explained in Appendix D, which can be used to normalize
the MoM results.
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Figure 5.3: The phase of the equivalent magnetic current (in degrees) computed
for a single slotted sectoral waveguide embedded in a PEC cylinder, under 1W
of incident power
The computer resources used during the evaluation of this problem are as
follows:
• HFSSTM Simulation:
– Computer: HP R© Z800 Workstation with Intel R© 12-core XeonTM Pro-
cessor,
– RAM: 4 GB,
– Elapsed Time: 30 minutes per frequency.
• The Proposed Method (implemented in MATLAB R©):
– Computer: Intel R© Core2DuoTM Desktop Computer,
– RAM: 100 MB,
– Elapsed Time: 3 minutes per frequency.
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As seen from these numbers, a remarkable speed-up and a significant reduction
in the RAM requirement are achieved with the proposed method. The problem
defined in this section can be generalized to be used in the analysis of slotted
sectoral waveguides with no dielectric coatings (i.e., radomes).
5.2 A Single Slot on a Sectoral Waveguide Em-
bedded in a PEC Cylinder Covered with a
Dielectric Layer
The problem defined in the previous section can be extended to include a dielectric
coating. The geometry of the problem is shown in Figure 5.4 (HFSSTM model)
and the details of the geometry are listed below:
• Analysis frequency: 10GHz
• The Sectoral Waveguide:
– a = 20mm,
– b = 30.16mm,
– Φ0 = 52.2241
◦,
– Both ends of the waveguide is matched (travelling-wave type).
• The Cylindricaly Stratified Medium:
– Layer-1
∗ a1 = b = 30.16mm
∗ Material: PEC
– Layer-2
∗ a2 = 33.16mm
∗ Material: µ2 = µ0, 2 = 1.50 or 2 = 2.20
– Layer-3
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Figure 5.4: HFSS model of the single slot sectoral waveguide embedded in a PEC
cylinder covered with a dielectric layer
∗ Material: Air (3 = 0, µ3 = µ0)
∗ Extends to infinity
• The Slot Geometry and Positions:
– Slot-1: lz = 14mm, lβ = 0.5mm, z1 = 100mm, and ϕ1 = 11.5
◦.
Note that the relative permittivity of the Layer-2 is varied to investigate the
effects of the change in permittivity on the slot equivalent magnetic currents.
In the HFSSTM model, constructed for the analysis of this example, the wave-
ports are placed at both ends of the waveguide, and only one of them is excited
to simulate a travelling type antenna. As in the case of the previous example,
the computation domain of the HFSSTM simulations is truncated with PMLs at
a distance of λ0/8 at 10GHz.
Through the course of obtaining the hybrid MoM/Green’s function solutions
for the geometry given in Figure 5.4, the PWS current modes with the dimensions
of 2βa = 0.5mm and 2za ≈ 2.33mm are used to expand the unknown magnetic
current on the slot. Hence, a total of 12 current modes along the slot are used. In
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obtaining the CFGF representation G
HM(II)
zz for region-II (i.e., PEC cylinder cov-
ered with dielectric in this example), N1 = 150, N2 = 150, and N3 = 50 spectral
domain samples are evaluated on Γ1, Γ2, and Γ3, respectively (see Figure 3.2),
and only the first 100 cylindrical eigenmodes are taken into account in the spec-
tral domain summation. The deformed path is defined by T1 = 0.1, T2 = 20, and
T3 = 22, and the spectral domain samples on the deformed path are represented
in terms of M1 = 5, M2 = 7, and M3 = 1 complex exponentials using GPOF.
During the modal summation of Y
(I)
ij,A and Y
(I)
ij,B for the sectoral waveguide interior
(given in (4.22) and (4.23), respectively), the first 200 modes for both p and q
are taken into account.
The magnitude (in V/m) and the phase (in degrees) of the equivalent mag-
netic currents computed with the hybrid MoM/Green’s function technique are
compared to that of the HFSSTM results, in Figures 5.5 and 5.6. As in the previ-
ous example, the field amplitudes of the hybrid MoM/Green’s function technique
are scaled for a 1W excitation, making use of Appendix D. Figures 5.5 and 5.6
show good agreement between the results obtained using the proposed method
and the HFSSTM results under different relative permittivities.
The computer resources used during the evaluation of this problem are as
follows:
• HFSSTM Simulation:
– Computer: HP R© Z800 Workstation with Intel R© 12-core XeonTM Pro-
cessor,
– RAM: 8 GB,
– Elapsed Time: 90 minutes per frequency.
• The Proposed Method (implemented in MATLAB R©):
– Computer: Intel R© Core2DuoTM Desktop Computer,
– RAM: 180 MB,
– Elapsed Time: 6 minutes per frequency.
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Figure 5.5: The amplitude of the equivalent magnetic currents (in V/m) com-
puted for a single slotted sectoral waveguide embedded in a PEC cylinder covered
with a dielectric layer, under 1W of incident power
As seen from these numbers, the proposed method is much faster and much less
resource demanding, even with the addition of the dielectric layer. The problem
defined in this section can be generalized to be used in the analysis of slotted
sectoral waveguides with monolithic radomes (i.e., a single dielectric layer).
5.3 Three Slots on a Sectoral Waveguide Em-
bedded in a PEC Cylinder Covered with a
Dielectric Layer
In this section, the problem defined in the previous section is extended to include
three slots on the sectoral waveguide. The geometry of the problem is shown in
Figure 5.7 (HFSSTM model) and the details of the geometry are listed below:
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Figure 5.6: The phase of the equivalent magnetic currents (in degrees) computed
for a single slotted sectoral waveguide embedded in a PEC cylinder covered with
a dielectric layer, under 1W of incident power
• Analysis frequency: 10GHz
• The Sectoral Waveguide:
– a = 20mm,
– b = 30.16mm,
– Φ0 = 52.2241
◦,
– Both ends of the waveguide is matched (travelling-wave type).
• The Cylindricaly Stratified Medium:
– Layer-1
∗ a1 = b = 30.16mm
∗ Material: PEC
– Layer-2
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Figure 5.7: HFSS model of the three-slotted sectoral waveguide embedded in a
PEC cylinder covered with a dielectric layer (the slot lengths, lzi , and the slot
widths, lβi , are defined in the same fashion as shown in Figure 5.4)
∗ a2 = 33.16mm
∗ Material: 2 = 2.20, µ2 = µ0
– Layer-3
∗ Material: Air (3 = 0, µ3 = µ0)
∗ Extends to infinity
• The Slot Geometry and Positions:
– Slot-1: lz1 = 14mm, lβ1 = 0.5mm, z1 = 100mm, and ϕ1 = 11.5
◦,
– Slot-2: lz2 = 14mm, lβ2 = 0.5mm, z2 = 120mm, and ϕ2 = −11.5◦,
– Slot-3: lz3 = 14mm, lβ3 = 0.5mm, z3 = 140mm, and ϕ3 = 14.3
◦.
In the HFSSTM model, constructed for the analysis of this example, the wave-
ports are placed at both ends of the waveguide, and only one of them is excited
to simulate a travelling type antenna. The computation domain of the HFSSTM
simulations is truncated with PMLs at a distance of λ0/4 at 10GHz, to increase
the accuracy of the far-zone radiation patterns.
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Through the course of obtaining the hybrid MoM/Green’s function solutions
for the geometry given in Figure 5.7, the PWS current modes with the dimensions
of 2βa = 0.5mm and 2za ≈ 2mm are used to expand the unknown magnetic
currents on each slot. Hence, a total of 13 current modes along each slot are
used. In obtaining the CFGF representation G
HM(II)
zz for region-II (i.e., PEC
cylinder covered with dielectric in this example), N1 = 150, N2 = 150, and N3 =
50 spectral domain samples are evaluated on Γ1, Γ2, and Γ3, respectively (see
Figure 3.2), and only the first 100 cylindrical eigenmodes are taken into account
in the spectral domain summation. The deformed path is defined by T1 = 0.1,
T2 = 20, and T3 = 22, and the spectral domain samples on the deformed path are
represented in terms of M1 = 5, M2 = 7, and M3 = 1 complex exponentials using
GPOF. During the modal summation of Y
(I)
ij,A and Y
(I)
ij,B for the sectoral waveguide
interior (given in (4.22) and (4.23), respectively), the first 200 modes for both p
and q are taken into account.
The magnitude (in V/m) and the phase (in degrees) of the equivalent mag-
netic currents computed with the hybrid MoM/Green’s function technique are
compared to that of the HFSSTM results, in Figures 5.8 and 5.9. As in the previ-
ous examples, the field amplitudes of the hybrid MoM/Green’s function technique
are scaled for a 1W excitation, making use of Appendix D. Figures 5.8 and 5.9
show excellent agreement between the results obtained using the proposed method
and the HFSSTM results, for each of the slots in the antenna.
In addition to the equivalent slot magnetic fields, co-polarized far-zone radi-
ation patterns for the E-plane of the antenna (given in Figure 5.7) is computed
using the procedure explained in Appendix C. Note that the E-plane corresponds
to the x-y plane, since the slots are cut along the z-direction and hence, are po-
larized in the φ-direction. The normalized radiation patterns for the E-plane
are presented in Figure 5.10, which shows good agreement between the hybrid
MoM/Green’s function technique and the HFSSTM results.
The computer resources used during the evaluation of this problem are as
follows:
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Figure 5.8: The amplitude of the equivalent magnetic currents (in V/m) com-
puted for the three-slotted sectoral waveguide embedded in a PEC cylinder cov-
ered with a dielectric layer, under 1W of incident power
• HFSSTM Simulation:
– Computer: HP R© Z800 Workstation with Intel R© 12-core XeonTM Pro-
cessor,
– RAM: 12 GB,
– Elapsed Time: 2 hours per frequency.
• The Proposed Method (implemented in MATLAB R©):
– Computer: Intel R© Core2DuoTM Desktop Computer,
– RAM: 250 MB,
– Elapsed Time: 8 minutes per frequency,
As seen from these numbers, similar to the previous examples, the proposed
method shows a remarkable improvement in terms of speed, and a significant
reduction in the resource usage compared to those of the HFSSTM simulations.
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Figure 5.9: The phase of the equivalent magnetic currents (in degrees) computed
for the three-slotted sectoral waveguide embedded in a PEC cylinder covered with
a dielectric layer, under 1W of incident power
  −40
  −30
  −20
  −10
  0
30
210
60
240
90
270
120
300
150
330
180 0
φ (in degrees)
 
 
This Work
HFSS
Figure 5.10: The normalized radiation pattern (in dB scale) in the E-plane for
the three-slotted sectoral waveguide embedded in a PEC cylinder covered with a
dielectric layer
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Chapter 6
Conclusion
In this thesis, an analysis method for slotted sectoral waveguide antenna arrays
with multi-layered radomes is developed for the first time, which utilizes a hybrid
MoM/Green’s function technique in the space domain. The Green’s function
components that constitute the kernel of the MFIE are developed for each re-
gion of the problem: the sectoral waveguide interior and the multi-layer radome
(modeled as a cylindrically stratified medium). The proposed method can be
used in the analysis and design of the slotted sectoral waveguide antenna arrays
mounted on conformal surfaces such as the fuselage of an airplane, a missile, or
any cylindrical platform in general.
The hybrid MoM/Green’s function technique requires accurate Green’s func-
tion components for the two regions of the problem. In Chapter 2, the Green’s
function component that relates z-directed magnetic currents to z-directed mag-
netic fields (zz-case) for the interior of a sectoral waveguide (G
HM(I)
zz ) is rigorously
derived. The final expressions are consistent with the existing expressions in the
literature, and the results show an excellent agreement when compared to the
numerical results obtained from the HFSSTM, which illustrate the accuracy and
efficiency of the derived expressions. On the other hand, for the cylindrically
stratified medium, CFGF representation for the zz-case (G
HM(II)
zz ) is presented
in Chapter 3, which is based on the previous work on the subject. For the sake
of completeness, CFGF expressions are also compared to the numerical results of
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HFSSTM, showing excellent agreement.
The Green’s function component G
HM(I)
zz contains a Dirac delta function.
Therefore, by itself, it is not suitable for the numerical computation of the mutual
admittance entries of the MFIE. Thus, in Chapter 4, all of the mutual admittance
expressions regarding G
HM(I)
zz (including the overlapping and self admittance
terms) are derived in closed-form. On the other hand, the Green’s function rep-
resentations of the cylindrically stratified medium, G
HM(II)
uv (uv ∈ {zz, φz, φφ}),
contain singularities in both spectral and space domains. Therefore, based on the
previous work reported for the electric sources, these singularities for all orien-
tations of the source and the observation (i.e., ∀uv) are extracted in their corre-
sponding domain (spectral or space) and their contributions are added back ana-
lytically, for the first time regarding the magnetic sources. Then, the singularity-
extracted expressions are evaluated numerically without any problems. Although
the singularity extraction is performed for all uv, only the zz-case is presented in
Chapter 4, for the sake of continuity within the thesis.
After laying the groundwork for the hybrid MoM/Green’s function technique
with the calculation of each entry of the mutual admittance matrix of the MFIE,
several antenna problems are analyzed and compared with the results of HFSSTM
in Chapter 5. The results show good agreement in both equivalent slot magnetic
currents and E-plane far-zone radiation patterns, which confirm the accuracy of
the developed expressions and the proposed method for the analysis of the slot-
ted sectoral waveguides with dielectric cover(s), while being much less resource
demanding than HFSSTM. However, by themselves, the equivalent currents can-
not be used to directly assess the antenna performance. Hence, calculation of
post-processing parameters such as the Y/Z/S-parameters, 3-D far-zone radia-
tion patterns, directivity, gain, etc., which have more immediate implications on
the antenna performance are planned to constitute the future work on this sub-
ject. Another shortcoming of the proposed method in its current state is the
assumption that the sectoral waveguide walls are infinitesimally thin, which may
not be a valid assumption for practical applications. Therefore, by using the
equivalence principle twice on the inner and the outer surface of a slot, a third
region (sectoral cavity) is planned to be included in the hybrid Green’s function
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method, leading to more practical analyses. Finally, the hybrid MoM/Green’s
function method can be slightly modified as a future work to analyze the slot-
ted sectoral substrate integrated waveguides (SIWs), which may be desirable in
certain applications as they offer significantly cheaper production costs due to uti-
lization of the PCB technology. Similarly, by employing the appropriate Green’s
function component for the interior region, any aperture type antenna embedded
in cylindrically stratified media can be analyzed with the proposed method.
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Appendix A
Debye Representations of Bessel
and Hankel Functions
The expressions presented in this appendix are taken from [16], [18], and [20],
since the same Debye approximations are employed in this thesis.
In order to calculate the spectral domain Green’s function representations for
the cylindrically stratified medium without any overflow or underflow problems,
the expressions that contain Bessel and Hankel functions are reorganized in the
form of ratios. The ratios obtained at the final expressions are J
′
n(z1)
Jn(z2)
, H
′(2)
n (z1)
H
(2)
n (z2)
and
H
(2)
n (z1)
H
(2)
n (z2)
Jn(z2)
Jn(z1)
. In addition to the ratio terms, a multiplication term H
(2)
n (z1)Jn(z2)
exists in the Green’s function representations.
The Debye representation of each cylindrical function and its derivative is
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given below [22]:
Jn(z) ≈ e
(
√
n2−z2−n cosh−1 (n/z))
√
2pi (n2 − z2)0.25 (A.1)
Yn(z) ≈ e
(n cosh−1 (n/z))−√n2−z2
√
2pi (n2 − z2)0.25 (A.2)
J ′n(z) ≈
(n2 − z2)0.25√
2piz
e(
√
n2−z2−n cosh−1 (n/z)) (A.3)
Y ′n(z) ≈
(n2 − z2)0.25√
pi/2z
e(n cosh
−1 (n/z)−√n2−z2). (A.4)
Making use of (A.1)-(A.4), the Debye expressions for the following terms are
derived:
The first ratio term is J
′
n(z1)
Jn(z2)
and the corresponding Debye expression is found
as
J ′n(z1)
Jn(z2)
≈ e
(s1−s2)
z1
(n2 − z21)0.25(n2 − z22)0.25
1− 9
24
√
n2−z21
+ 7n
2
24(
√
n2−z21)3
1 + 3
24
√
n2−z21
− 5n2
24(
√
n2−z21)3
, (A.5)
where
s1 =
√
n2 − z21 − |n| cosh−1(
|n|
z1
) (A.6)
and
s2 =
√
n2 − z22 − |n| cosh−1(
|n|
z2
). (A.7)
The second ratio term is H
′(2)
n (z1)
H
(2)
n (z2)
and the corresponding Debye expression is found
as
H
′(2)
n (z1)
H
(2)
n (z2)
≈ −e
(s2−s1)
z1
(n2−z21)0.25(n2−z22)0.25
1 + 3
24
√
n2−z21
− 5n2
24(
√
n2−z21)3
)
1− 9
24
√
n2−z21
+ 7n
2
24(
√
n2−z21)3
. (A.8)
Finally, for the last ratio term (H
(2)
n (z1)
H
(2)
n (z2)
Jn(z2)
Jn(z1)
), the following Debye expression is
used
H
(2)
n (z1)
H
(2)
n (z2)
Jn(z2)
Jn(z1)
≈ e2(s2−s1). (A.9)
Furthermore, using Debye approximations, the multiplication term H
(2)
n (z1)Jn(z2)
can be computed as
H(2)n (z1)Jn(z2) ≈
j
pi
1
(n2 − z21)0.25
1
(n2 − z22)0.25
e(s2−s1). (A.10)
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An interesting property of expressing the Bessel and Hankel functions in the
form of ratios is the fact that the ratios become constant with respect to n as
n→∞. Making use of (A.1)-(A.4), we can show that
lim
n→∞
B′n(z)
nBn(z)
= C(z) (A.11)
where Bn(z) denotes a Bessel or Hankel function. Using (A.1) and (A.3), we
obtain
J ′n(z)
Jn(z)
≈ (n
2 − z2)1/2
z
(A.12)
where it is clear that
lim
n→∞
J ′n(z)
nJn(z)
≈ lim
n→∞
(n2 − z2)1/2
nz
=
1
z
. (A.13)
Similarly, we can write
H
′(2)
n (z)
H
(2)
n (z)
=
Y ′n(z)
Yn(z)
J ′n(z)
Y ′n(z)
− j
Jn(z)
Yn(z)
− j (A.14)
and since n cosh−1 (n/z) term grows much faster than
√
n2 − z2 term, the J ′n(z)
Y ′n(z)
and Jn(z)
Yn(z)
ratios decay to zero for large values of n. Hence we can write
H
′(2)
n (z)
H
(2)
n (z)
≈ Y
′
n(z)
Yn(z)
. (A.15)
Using (A.2) and (A.4), we obtain
H
′(2)
n (z)
H
(2)
n (z)
≈ Y
′
n(z)
Yn(z)
≈ −(n
2 − z2)1/2
z
. (A.16)
Finally, it can be shown that
lim
n→∞
H
′(2)
n (z)
nH
(2)
n (z)
≈ lim
n→∞
−(n
2 − z2)1/2
nz
= −1
z
. (A.17)
The expressions given in (A.17) and (A.13) are constant with respect to n for
n→∞, and they can be used to show that fzz(n, kz) term in the spectral domain
Green’s function expression (3.3) is also constant with respect to n for very large
n values.
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Appendix B
Generalized Pencil of Function
Method
This appendix is taken directly from [20], since the same method is employed in
this thesis.
The generalized pencil of function method is used to approximate the spectral
domain Green’s function representations with complex exponentials. Since this
method is an important step in approximating the Green’s function representa-
tions, it is explained in detail in this appendix.
Similar to the Prony method and its variants [24]- [25], the pencil of function
(POF) method [26] can be used to extract the poles of an electromagnetics (EM)
system, where the poles are found from the solution of a generalized eigenvalue
problem. On the other hand, the generalized pencil of function (GPOF) method
is a generalization to the POF method and it is used to estimate the poles of an
EM system from its transient response [12]. The GPOF method is more robust
and less noise sensitive, compared to the Prony method.
An EM transient signal with N samples yk , can be approximated in terms of
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complex exponentials as,
yk =
M∑
i=1
bie
siδtk =
M∑
i=1
biz
k
i k = 0, 1, . . . , N − 1 (B.1)
where bi are the complex residues, si are the complex poles, and δt is the sampling
interval. The method can be briefly explained as follows:
1. The following matrices are constructed,
Y1 =
[
y
0
, y
1
, . . . , y
L−1
]
(B.2)
Y2 =
[
y
1
, y
2
, . . . , y
L
]
(B.3)
where
y
i
=
[
yi, yi+1, . . . , yi+N−L−1
]T
(B.4)
and L is the pencil parameter, and its optimal choice is around L = N/2 [12].
2. Find a Z matrix (after applying the singular value decomposition (SVD)
to Y
1
),
SV D(Y
1
) = U S V H (B.5)
where U , S and V H are (N − L) × (N − L), (N − L) × L and L × L matrices,
respectively. The superscript H denotes the complex conjugate transpose of a
matrix. Note that in this study the optimal choice of L is chosen, which is
L = N/2. As a result of this choice S is now a diagonal matrix. Let S
t
be the
M ×M matrix (M is determined from the number of complex exponentials and
M ≤ L) which includes the largest diagonal terms of S in the decaying order.
Then, taking the corresponding rows and columns of U and V , two new matrices
U
t
and V
t
, respectively, are formed both of which are L ×M matrices. Using
U
t
and V
t
together with S
t
, Y
1
is written as
Y
1
= U
t
S
t
V H
t
. (B.6)
Finally, the Z matrix is defined as
Z = S−1
t
UH
t
Y
2
V
t
. (B.7)
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3. The poles of the system are obtained as
si =
log zi
δt
i = 1, 2, · · ·,M (B.8)
where zi’s are the eigenvalues of the Z matrix.
4. The residues are found from the least-squares solution of the following
system. 
1 1 . . . 1
z1 z2 . . . zM
...
...
. . .
...
zN−11 z
N−1
2 . . . z
N−1
M


b1
b2
...
bM
 =

y0
y1
...
yN−1
 (B.9)
that can be expressed as
A b = y (B.10)
so the bi’s are found by using the pseudo-inverse of A as b = A
+y.
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Appendix C
Far-zone Radiation Pattern
Calculation for z-directed
Magnetic Currents for
Cylindrically Stratified Media
The output of the hybrid MoM/Green’s function technique proposed in this thesis
is the unknown coefficient vector of the basis functions, αj, which represent the
equivalent magnetic currents on the longitudinal slots, as seen in (4.11). However,
by themselves the equivalent magnetic currents do not give enough information
to assess the performance of the antenna. Therefore, some post processing pa-
rameters that have more immediate relation to the antenna characteristics need
to be calculated. One of the most important antenna performance metrics is
the far-zone radiation pattern and hence, in this appendix, the calculation of
the far-zone radiation pattern for the slotted sectoral waveguides embedded in
cylindrically stratified media is presented.
As a result of the equivalence principle used in the development of the MFIE
in Chapter 4, the equivalent magnetic currents on the outer surface of the slots are
responsible for the radiated fields. Since the slots are cut along the z-direction,
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the radiated fields are polarized along the φ-direction. Therefore, the Green’s
function component that relates the z-directed magnetic currents to φ-directed
electric fields (i.e., G
EM(II)
φz ) is used to compute the co-polarized far-zone radiation
pattern. Since ρ >> ρ′ in the calculation of the farfields, the corresponding
spectral domain Green’s function, G˜
EM(II)
φz , is given as reported in [14]:
G˜
EM(II)
φz = −
k2ρj
2ωµj
∞∑
n=0
1
1 + δ0n
cos (n(φ− φ′))
[
nkz
k2ρiρ
F(1, 2) +
jωµi
kρi
∂F(2, 2)
∂(kρiρ)
]
,
(C.1)
where i and j correspond to the index of the observation and the source layers,
respectively. In (C.1), F(i, j) is the (i, j)th entry (i, j ∈ {1, 2}) of the 2×2 matrix
F, expressed as
F =
[
H(2)n (kρiρ)I + Jn(kρiρ)R˜i,i+1
]
T˜j,i M˜j+
[
Jn(kρjρ
′)I +H(2)n (kρjρ
′)R˜j,j−1
]
(C.2)
where I is the 2 × 2 identity matrix, and the expression M˜j+ is a function of
the 2× 2 generalized reflection and transmission matrices R˜ and T˜, respectively.
The detailed expressions for M˜j+, R˜, and T˜ are explicitly presented in [14].
The space domain representation of G˜
EM(II)
φz can be obtained from the following
Fourier integral
G
EM(II)
φz =
1
2pi
∞∫
−∞
G˜
EM(II)
φz e
−jkz(z−z′) dkz. (C.3)
Since G˜
EM(II)
φz given in (C.1) is free from singularities for ρ >> ρ
′ case, the space
domain Green’s function representation in (C.3) can be evaluated in closed-form,
using the GPOF method on the deformed integration path defined in (3.12)-
(3.14), as explained in Chapter 3.2. Then, using (C.3) the φ-polarized far-zone
radiation pattern of a single current mode is calculated as follows:
Fφe(θ, φ)
∼= GEM(II)φz (ρ′ = a1 = b, φ′ = 0, z′ = 0, ρ = ρFF , φ′ = 0, z = ρFF cos θ),
(C.4)
where a current mode is treated as a point source, since by definition it is very
small compared to the wavelength of operation. The observation radius, ρ
FF
, can
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be chosen larger than the farfield criteria, which are given as
ρ
FF
>> λ0 (C.5)
ρ
FF
>> ρ′ (C.6)
ρ
FF
>
2D2
λ0
, (C.7)
where D is the largest dimension of the antenna and λ0 is the free-space wave-
length. A larger distance will give more accurate far-zone radiation patterns.
However, as ρ gets larger, numerical problems arise in the computation of (C.2),
especially for non-small kz values, which corresponds to non-zero elevation angles
(i.e., θ 6= 90◦). Therefore, only the E-plane radiation patterns (i.e., the azimuth
or θ = 90◦ plane for a z-directed slot) are calculated and reported in this thesis.
After the calculation of the far-zone radiation pattern for a generic current
mode, the array pattern can be found by making use of the array theory. Con-
sidering the slotted sectoral waveguide antenna as an array of current modes, the
far-zone radiated fields can be obtained as
Fφ(θ, φ) =
∑
m
Nm∑
j=1
αjFφe(θ, φ− ϕj)e−j~k·~rj , (C.8)
where the summation is performed over all current modes in all the waveguides
(with index m). In (C.8), the αj is the complex current mode amplitude obtained
from the solution of the MFIE, ϕj is the angular position of the j
th mode with
respect to the centerline of the sectoral waveguide (see Figure 5.7). The ~k and ~rj
are defined as
~k = aˆx sin θ cosφ+ aˆy sin θ sinφ+ aˆz cos θ, (C.9)
and
~rj = aˆxxj + aˆyyj + aˆzzj, (C.10)
where
xj = b cosϕj = a1 cosϕj (C.11)
yj = b sinϕj = a1 sinϕj, (C.12)
and zj is defined as the longitudinal position of the j
th mode with respect to the
plane of waveguide excitation (see Figure 5.7).
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Appendix D
Calculation of the Incident Power
for the TE Modes of a Sectoral
Waveguide
The incident power of a TE mode, propagating inside a sectoral waveguide along
z direction can be calculated using the Poynting’s vector as follows:
Pinc =
b∫
a
Φ0∫
0
1
2
<
{
aˆz ·
(
~E × ~H∗
)}
ρ dφdρ, (D.1)
where
aˆz ·
(
~E × ~H∗
)
= −EφH∗ρ + EρH∗φ. (D.2)
For unit amplitude excitation, the electric and magnetic field components of a
TE mode in a sectoral waveguide propagating in the +z direction are given as
follows [10]:
Eρ =
υpB(ρ)
ρ
sin (υp φ) e
−jkzpq z (D.3)
Eφ = kcpqB
′(ρ) cos (υp φ) e−jkzpq z (D.4)
Ez = 0 (D.5)
90
Hρ = −
kcpqB
′(ρ)
ωµ
cos (υp φ) e
−jkzpq z (D.6)
Hφ =
υpkzpqB(ρ)
ωµρ
sin (υp φ) e
−jkzpq z (D.7)
Hz =
k2cpqB(ρ)
jωµ
cos (υp φ) e
−jkzpq z, (D.8)
where B(ρ) is defined in (4.142). Making use of (D.3)-(D.4) and (D.6)-(D.7), the
expression in (D.2) can be written as
aˆz ·
(
~E × ~H∗
)
=
k2cpq |B′(ρ)|2
ωµ
cos2(υp φ) +
υ2pkzpq |B(ρ)|2
ωµρ2
sin2(υp φ). (D.9)
Substituting (D.9) into (D.1), we obtain
Pinc =
1
2ωµ
k2cpq
Φ0∫
0
cos2(υp φ) dφ
b∫
a
|B′(ρ)|2 ρ dρ
+υ2pkzpq
Φ0∫
0
sin2(υp φ) dφ
b∫
a
|B(ρ)|2 1
ρ
dρ
 .
(D.10)
Evaluating the integrals with respect to φ and φ′ in (D.10) analytically, we obtain
the final expression for Pinc as
Pinc =
1
4ωµ
k2cpq (Φ0 + sin(2υpΦ0)2υp
) b∫
a
|B′(ρ)|2 ρ dρ
+υ2pkzpq
(
Φ0 − sin(2υpΦ0)
2υp
) b∫
a
|B(ρ)|2 1
ρ
dρ
 , (D.11)
where the integrals with respect to ρ and ρ′ are evaluated numerically using the
Gaussian quadrature method.
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